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This paper deals with the design and the optimization of permanent magnet 
motors. Five trapezoidal and four sinusoidal wave-form motor configurations were 
investigated and analyzed. Firstly, an analytic sizing was led along with an 
electromagnetic modeling by finite element method. Secondly, a finer modeling with 
finite element was realized dynamically. The optimization of the traction motor 
cost under constraints by the genetic algorithms method has allowed choosing a 
motor with sinusoidal wave-form, five pole pairs and twelve slots. This motor 
belongs to the second configuration with sinusoidal wave-form.  
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1. INTRODUCTION 

Among the electric motor range, the choice of electric vehicle traction motor is 
vast and delicate. A wide range of motors, such as asynchronous, synchronous, 
switched, permanent magnets and axial or radial flux motors exist with their 
intrinsic qualities and defects. In traction applications related to autonomous 
electric vehicles, fundamental selection criteria have to be considered: the 
power-to-weight ratio, the efficiency and the cost. Our choice has focused on 
radial flux permanent magnet synchronous motors, guided not only by these 
criteria, but also by its reduced bulk and by the progress realized in the field of 
electronic control and feeding. Simple structures that reduce production time 
and cost are searched and analyzed. To conceive and optimize a radial flux 
permanent magnet motor, this work will proceed in three steps: 

1. an analytic study of configurations 

2. a finite element modeling 

3. The optimization of the cost of the traction engine. This has led to the 
selection of the fourth traction motor configuration, to a sinusoidal wave-form 
and to five pole pairs and twelve slots for our application. 

This will be undertaken in eight sections: 

- Section one deals with the electric vehicle specification. 



R. Neji et al: Optimization & Design for Radial Flux Permanent Magnet Motor... 
 

 48 

- Section two describes how to find out a simple motor structure (Figure 1). 

- Section three is devoted to the study of the back emf wave-form to estimate 
some geometrical parameters and to fix the motor feeding mode. 

- Section four is devoted to the selection of the best configuration. 

- Section five deals with the analytic motor sizing. A large number of 
combinations within the structure are possible. These combinations are 
enumerated and analyzed. This study leads to the choice of five pole pairs and a 
twelve-slot motor. The feeding mode is chosen according to the back emf 
wave-form. 

- The sixth section treats the modeling by finite element so as to validate 
dimensioning equations and to adjust some geometrical dimensions. 

- Section seven describes the optimization problem. 

- Finally, section eight deals with the problem resolution with genetic 
algorithms. 

 Main tooth 

Inserted tooth 

Magnet 
1 

1’ 

 
Figure 1: 5 pole pairs of a 12 slot motor. 

2. ELECTRIC VEHICLE SPECIFICATIONS 

The electrical vehicle is devoted to work in two modes (Figure 2). In the first 
mode the electrical motor applies a constant torque Td on the wheel starting 
from a null speed until the basic speed of the electrical vehicle (zone of 
constant torque), from this speed and until the maximal vehicle speed, the 
motor applies a torque that decreases proportionally with the speed (zone of 
constant power). The torque that must be developed by motorized wheels is 
estimated by the next formula that is inspired from the fundamental dynamic 
law describing the movement of the vehicle [1, 2]. 

2
w rt a c w

dV
T T T T MR

dt
= + + + σ                 (1) 
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=rt w r pT R f Mg                       (2) 

2/ 2  a w va x fT R M C A V=                    (3) 

sin( )c w bT R Mg= λ                      (4) 

The aerodynamic force is therefore proportional to: 

- the air density: vaM =1.28kg/m3 

- the aerodynamic drag coefficient: xC = 0.7 

- the square of the speed 

- the frontal area of the vehicle: 21.4fA m=  

The required maximal torque maxT  has to be maintained constant from rest until 
the basis speed of the electric vehicle bV  is equal to dT Td.  

The torque decreases with bV : maxT ( bV / vV ). In this operating zone of 
functioning, the power available to the wheels is constant ( / )w d w bP T R V= . 

The electrical vehicle has to be capable of reaching the basis velocity during 
4secdt = . In this condition and by neglecting the friction rolling resistance and 

the aerodynamic force, the torque at the start up is expressed as follows:  

 
( sin( ))
σ

= + λb
d w p

d

MV
T R Mg

t
                (5) 

Figure 2 illustrates the evolution of the needed torque for wheels and forces of 
resistance of the vehicle in function of the speed.  
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Figure 2: Wheel and resistance torques of an electrical vehicle according to the speed. 
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3. SEARCH FOR OPTIMAL STRUCTURES 

The search is restricted to three-phase structures with the following 
optimization rules: 

1. The ratio β of the magnet angular width maL  by the pole pitch = /pL pπ : 

/β= maL L  is equal to 1 for trapezoidal wave-form motors and 2/3 or 3/2 
for sinusoidal wave-form motors. 

2. The ratio α of the main tooth angular width wtA  by the magnet angular 
width: /α= wt maA L  is equal to the one for trapezoidal wave-form 
structures and 2/3 or 3/2 for sinusoidal wave-form structures. 

3. Each slot contains two coil-sides and an inserted tooth.  

4. All the coils as well as all the stator teeth and all the inserted teeth have the 
same shape.  

5. The winding phase is obtained by the connection in series of several coils.   

6. Positioning of coils to have the first back emf (respectively the second back 
emf) shifted of 120 electrical degree from the second back emf (respectively 
the third back emf) [3]. 

7. The coil senses must be inverted when a coil that must be ahead a north pole 
magnet is found ahead a south pole magnet and vice-versa.  

Table 1 : Configurations 

 Sinusoidal 
configurations 

p R ν α β 

1 2.n 1.5 1 2/3 1 
2 5.n 1.2 3/2 2/3 1 
3 2.n 1.5 1/3 3/2 2/3 
4 5.n 1.2 2/3 3/2 2/3 
5 / / / / /  

 Trapezoidal 
configurations 

p r ν α β 

1 2.n 1.5 1/3 1 1 
2 5.n 1.2 2/3 1 1 
3 7.n 6/7 4/3 1 1 
4 4.n 0.75 5/3 1 1 
5 5.n 0.6 7/3 1 1  

Rules 1. and 2. permit a constant back emf on a flat zone larger than 120 
electrical degree (180 in theory) and so a constant electromagnetic torque [3, 
4]. The inserted teeth assert themselves if the surface of the teeth in front of 
north pole magnets is not equal to the surface of the teeth in front of south pole 
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magnets whatever the rotor position is. The inserted teeth allow then to have a 
trapezoidal back emf [4]. 

Nine configurations for which five have trapezoidal wave-form and four have 
sinusoidal waveform that respect these rules are found. Each of them is 
characterized by a variation law of the number of pole pairs p  in terms of an 
integer n varying from one to infinity, a ratio r of the principal teeth number 

dN  by the pole pairs p and the ratio ν of the free space between two principal 
teeth by the space occupied by one principal tooth. One arrangement is 
presented in figure 1. The table 1 gives three ratios for each configuration.  

4. BACK EMF MODELING CONSIDERATIONS 

From only two design ratios, it is possible to determine the back emf theoretical 
wave-form [5]. The first coefficient β adjusts the magnet width in terms of the 
chosen pole number. The second coefficient α adjusts the main tooth size and 
has a strong influence on the back emf wave-form. The amplitude of the back 
emf is mainly fixed by the air-gap induction. The back emf obtained in the 
winding are deduced from the flux derivative. It is necessary to be able to 
express the flux in terms of magnetic position. In this approach, the variation of 
the common area between a main tooth and a magnet is supposed to be linear in 
terms of the rotor rotation θ.  

Main tooth 

Slot 

β.α.(π/p) 

Lp=π/p Laam=β.Lp 

Ω

-Bg 

θ Bg 

0

Magnet 

 
Figure 3: Initial rotor position and induction in the air-gap. 

As shown in figure 3, flux density in the air-gap is supposed to be perfectly 
rectangular. The leakage between the air-gap and the stator isn’t significant. 
With these assumptions, the incoming flux in a coil can be stated as follows: 

b g
Area

B dsϕ = ∫                        (6) 

From an initial position illustrated by figure 3, the rotor moves with the angular 
velocity ( /d dtΩ = θ ). Four distinct intervals appear according to the magnets 
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positions and the geometrical parameter values defined previously. Table 2 
illustrates these different intervals as well as flux variations for each position. 

Table 2: Flux and back emf parameters 

Levels Position (rad) Flux ϕb (Wb) Back emf (V) 

A ( ) ( )1 1
2 2p p
πβ πβ− −α ≤ θ ≤ −α  

m m gL R B
p
πβ α  0 

B ( ) ( )1 1 1
2 2p p
πβ π β⎡ ⎤− α ≤ θ ≤ − + α⎢ ⎥⎣ ⎦

 ( )1
2m m gL R B
p

⎛ ⎞πβ + α − θ⎜ ⎟
⎝ ⎠

 
tph m m gN L R BΩ  

C ( ) ( )1 1 1
2 2p p

π β πβ⎡ ⎤− + α ≤ θ ≤ + α⎢ ⎥⎣ ⎦
 ( 2 )m m gL R B

p
π − θ  2 tph m m gN L R BΩ  

D ( ) ( )1 1 1
2 2p p
πβ π β⎡ ⎤+ α ≤ θ ≤ − −α⎢ ⎥⎣ ⎦

 ( )1
2m m gL R B

p p

⎛ ⎞⎡ ⎤π πβ− + α − θ⎜ ⎟⎢ ⎥⎜ ⎟⎣ ⎦⎝ ⎠
tph m m eN L R BΩ  

In the zone A, the flux is constant because the magnet length is different from 
that of the tooth. If α is equal to 1, the zone disappears. In the zone B, the flux 
decreases because a part of the magnet is not in front of the tooth. In the zone 
C, a magnet of an opposite polarity overlaps also the main tooth. Consequently, 
the flux varies twice more quickly. Finally, the zone D is identical to the zone 
C. These two zones exist only if the coefficient β is less than 1. The global back 
emf of a phase is given by the following equation: 

b
tph

d
Emf N

d
ϕ=− Ω
θ

                    (7) 

Figure 4 shows the back emf wave-form during one electric period. To have 
trapezoidal or sinusoidal back emf wave-forms, it is necessary to fix suitable 
values of β and α. For example, for a BDC machine, it is necessary that β and 
α are close to one in order to have the largest possible back emf top [6-9]. 

 

Electric 
 angle(°) 

A 

0 

emf (V) 

B C D  
Figure 4: Back emf in function of the electric angle. 
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5. SELECTION OF THE BEST CONFIGURATION 

In the framework of our application, the interval of variation of the number of 
pole pairs is delimited by the proportional feeding frequency of the motor 
speed. 

On the one hand and knowing that the maximal commutation frequency of the 
converter feeding the motor is fixed to 8000 Hz because of the actual 
technology, we will limit the feeding frequency of the converter to 533 Hz in 
order to preserve a ratio of 15 between the frequency of modulation and the 
frequency of the motor operating.  

On the other hand and under these assumptions of using a reduction in the 
mechanical transmission chain, the value of reduction ratio can’t exceed 8. 
Under these assumptions, the maximal velocity of the wheel takes 80 km/h and 
the value of p must be 5 for a reduction ratio equal to 8.  

A three-phase motor with five pole pairs is chosen from the second 
configuration to resolve electric vehicle traction problem (Figure 1). Each 
winding is formed by two diametrically opposite coils. Each of them is inserted 
around a main tooth in order to reduce the flux leakages.  

The motor is designed to be inserted in a wheel of an electric vehicle. 
Consequently, the outer diameter of the motor is limited by the vehicle wheel 
diameter. Thus, the choice of the winding is a crucial criterion for the selection 
of the best configuration. Indeed, the concentrated winding allows to reduce 
significantly the end windings and thus to increase the active part volume. The 
motor performances are increased for a given bulk. Furthermore the 
concentrated winding is easy to manufacture compared to a classical 
overlapping winding. The manufacturing time of the winding is strongly 
reduced and the winding automation can be more easily carried out compared 
to a classical overlapping winding. This leads to a great economic importance 
for the motor designed for mass production. For example, the Honda Insight 
which is a series hybrid electric vehicle uses a concentrated winding for its 
electric motor but with radial flux.  

6. MOTOR SIZING 

For a sinusoidal and trapezoidal wave-form of the back emf, a dimensioning 
program is described as detailed below. The program inputs are: 

1. motor specifications  

2. material properties  

3. configuration, i.e. magnet number and teeth number 

4. inner and outer diameter of the metal sheet  
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5. material level stress, i.e. current density in coils δ, flux density in air-gap 
gB , rotor yoke ryB  and stator yoke syB . 

Inputs 1. and 2. are directly available. When 3. and 4. are set, shapes of 
magnets, teeth and slots are fixed. Then, the area of one tooth At and the 
average length of a turn turnL  are calculated from geometric equations. Only, 
inputs 5. are undefined and need optimization techniques to be found as 
explained at the end of this section. 

6.1. Sinusoidal wave-form back emf 

The first harmonic of the back emf deduced from the analytic model is given by 
the following expression: 

( ) ( )1
8 sin( ) sin( ) sin

2 2tph m m gEmf t N L R B p t
π π= β α Ω Ω

π
        (8) 

The back emf constant of the motor is then expressed as follows: 

8 sin( ) sin( )
2 2e tph m m gK N L R B
π π= β βα

π
              (9) 

The instantaneous motor torque is expressed as follows: 

( ) ( )
3

1

1( ) i i
im

T t Emf t i t
=

=
Ω ∑                 (10) 

For a motor fed by a current which is in phase with the back emf, the torque 
becomes: 

3
2 eT K I=                       (11) 

The maximal current feeding the motor is: 

d
p p

d e

T
I r

r K
=                       (12) 

To have an air-gap flux density equal to gB , the magnet thickness should be: 

g
m r

g
r m

l

B
t g

B
B

K

=μ
−

                    (13) 

To avoid demagnetization, the phase currents should be expressed as follows : 
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( ) min
max min

0

2m
l

r m
r t

B K g p
I B B t

n
⎛ ⎞

= − −⎜ ⎟μ μ⎝ ⎠
             (14) 

The rotor yoke thickness try and stator yoke thickness syt  derive from the flux 
conservation: 

( )
1

min ,
2

g t m
ry m

ry m

B A A
t

B K L
=                    (15) 

( )min ,
2

g t m
sy

sy m

B A A
t

B L
=                    (16) 

The slot height is: 

22
2 22

p tph
s m m

t f ws

I N g g
h R R

N K A
⎛ ⎞ ⎛ ⎞= + + − +⎜ ⎟ ⎜ ⎟δ ⎝ ⎠ ⎝ ⎠

          (17) 

The weight of stator yoke syW  and teeth tW  are: 

2 2

2 2sy m s sy m s m

g g
W R h t R h L d

⎛ ⎞⎛ ⎞ ⎛ ⎞= π + + + − + +⎜ ⎟⎜ ⎟ ⎜ ⎟⎜ ⎟⎝ ⎠ ⎝ ⎠⎝ ⎠
        (18) 

2 2

2 2 2
wt

t t m s m m

A g g
W N R h R L d

⎛ ⎞⎛ ⎞ ⎛ ⎞= + + − +⎜ ⎟⎜ ⎟ ⎜ ⎟⎜ ⎟⎝ ⎠ ⎝ ⎠⎝ ⎠
         (19) 

The weight of rotor yoke is:  
2 2

2 2ry m m m m ry m

g g
W R t R t t L d

⎛ ⎞⎛ ⎞ ⎛ ⎞=π − − − − − −⎜ ⎟⎜ ⎟ ⎜ ⎟⎜ ⎟⎝ ⎠ ⎝ ⎠⎝ ⎠
         (20) 

The weight of the copper is: 

3 2 4
2 2 2

ps
c m ws m tph c

Ihg
W L A R N d

⎛ ⎞⎛ ⎞⎛ ⎞= + + + ⎜ ⎟⎜ ⎟⎜ ⎟ ⎜ ⎟δ⎝ ⎠⎝ ⎠ ⎝ ⎠
          (21) 

The weight of the magnet is: 
2 2

2
2 2 2
m

m m m m m m

A g g
W R R t L pd

⎛ ⎞⎛ ⎞ ⎛ ⎞= − − − −⎜ ⎟⎜ ⎟ ⎜ ⎟⎜ ⎟⎝ ⎠ ⎝ ⎠⎝ ⎠
          (22) 
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The material cost of the motor is deduced from (18), (19), (20), (21) and (22), 
such that: 

( )mc m c ry sy tM aW bW c W W W= + + + +              (23) 

The iron losses are approximated by: 

( )1.5 2 2
i t g sy syP Cf W B W B= +                  (24) 

The copper losses are: 
2

3
2
p

c

I
P R

⎛ ⎞
= ⎜ ⎟

⎝ ⎠
                     (25) 

The phase resistance R  is: 

6 turn

c

n
L

R
S

=ρ                       (26) 

Then the efficiency of the motor is: 

m

c i

T P
T P P

Ω −
η=

Ω + +
                    (27) 

The motor must develop the torque defined at a maximal speed. It is ordered to 
full wave when it reaches its maximal speed. Forms of phase voltages are 
illustrated in figure 5. 

The first harmonic of the phase 1 voltage is given by the following expression: 

11
2 2sindc

ph

U
U t

T
π⎛ ⎞= + ϕ⎜ ⎟π ⎝ ⎠

                 (28) 

To have a maximal torque, the motor is operated with a power factor 1 pf = . 
The diagram of Behn Eschemburg for this operating mode is given by figure 6. 

The phase model of Behn Eschemburg is given by the next relationship:  

phi phi phiphi phi eU E R I jL I= + + ω               (29) 
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t  
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U dc/3  

U phi(t) 

 
Figure 5: Forms of phase voltages. 
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Figure 6: Diagram of Behn Eschemburg. 

The maximal value of the first harmonic of the phase voltage at maximal speed 
is deduced from: 

( ) ( )2 2
maxphi phi phi phiU RI E L I= + + ω             (30) 

The voltage of the DC bus is deduced from (28) and (30): 

( ) ( )2 2
max2dc phi phi phiU RI E L I

π= + + ω             (31) 

where  phiI  is the maximal current of the phase at the maximal speed: 

max

ω
ω

=

b
d

phi p
d e

T
I r

r K
                    (32) 

phiE  is the maximal value of the back emf at the maximal speed: 

max
2
3phi eE K= ω                      (33) 

L  is the phase inductance: 
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20

2
m m s

tph
t m s

A L h
L N

N g t L
⎛ ⎞μ

= +⎜ ⎟+⎝ ⎠
                (34) 

The analytic computation of the inductance is validated by the finite element 
method [10, 11]. 

The motor design follows with the computation of the inductance, temperatures 
in coils and magnets, bulk, weight and material prices. The dimensioning 
program is validated with finite element analysis at no-load, short-circuit and 
full-load.  

6.2. Trapezoidal wave-form back emf 

Principal equations dimensioning motor with the trapezoidal back emf are: 

The value of the back emf which is expressed by: 

1 2 tph m m gE N L R B= Ω                    (35) 

The back emf constant of the motor is then expressed as follows: 

4e tph m m gK N L R B=                    (36) 

The instantaneous motor torque is expressed as follows: 

( ) ( ) ( )
3

1

1
i i

i

T t Emf t i t
=

=
Ω∑                  (37) 

For a motor fed by a current which is in phase with the back emf, the torque 
becomes: 

eT K I=                        (38) 

where I  is the maximal current feeding the motor. 

The voltage of the DC bus is: 

maxdc e lrU K K= ω                     (39) 

7. FINITE ELEMENT ANALYSIS 

7.1. Finite element modeling 

This section is concerned with a finite element analysis of an example of five 
pole pairs and twelve slot motor, so as to validate the analytic sizing model and 
to adjust some geometrical parameters. The combination 5/12 can be found in 
the second trapezoidal motor configuration and in the second and fourth 
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sinusoidal configurations. A two-dimensional and parameterized model 
including mains parameters is developed. For example, the parameterized 
model allows to be modified: the pole number, all dimensions, the number of 
teeth, materials. The mesh of the air-gap is achieved in three layers (Figure 7) 
[10, 12]. This increase of the node number is necessary to have a good temporal 
representation. The finite element problem is solved by using the Rotating 
Machine Program (OPERA-2d/RM) [13]. This digital-solving module is a 
transient Eddy Current Solver, extended to include the effects of rigid body 
(rotating) motion. The solver allows the use of external electric circuits [14]. 
The distribution of the flux lines when the motor operates at no-load is 
illustrated by figure 8. 

 

 
Figure 7: Mesh in the air-gap with three layers. 

 
Figure 8: Distribution of the lines of field at no load 

7.2. Optimization of the back emf wave-form 

Analytically, the back emf wave-form depends on parameters α and β. 
Therefore, the first idea to fix one parameter and to make simulations by 
varying the second one in order to obtain the best form. The inserted tooth 
width is reduced to its minimal value to give more space to the copper. 
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For the trapezoidal back emf, β is fixed to its theoretical value (1) and α varies 
around its theoretical value (1) so as to see the evolution of the back emf 
platform width in terms of the ratio α. This study has contributed to choose β = 
α = 1 which allow to have a maximal back emf platform width (close to 120 
electric degree). On the other hand, when α is fixed to its theoretical value (1) 
and β varies around its theoretical value (1), the same results are obtained. 

Then, we studied the influence of the inserted tooth width on the back emf 
platform, which leads to defining the ratio didR  of the inserted tooth width by 
the main tooth width. Simulations undertaken by fixing β and α to 1 and by 
varying the ratio didR  showed that the increase of didR  is accompanied with an 
increase of the platform width until it reaches a maximal value of 120 electric 
degree with a slight modification of the back emf amplitude. But the choice of a 
great value of didR  allows a significant motor length increase in order to 
compensate the reduction of the space occupied by the copper. For this reason 
we have chosen a value didR  of 0.3 corresponding to the motor length limits 
relative to the application. The obtained back emf at no load is illustrated in 
figure 9; this figure shows that the value of the back emf landing is equal to 120 
electric degree. The same procedure is followed to improve the sinusoidal back 
emf form. For the fourth sinusoidal configuration we have fixed β to 2/3 in 
order to see the evolution of the back emf in terms of α which varies around its 
theoretical value (3/2) and vice versa. The visualization of the amplitude 
spectra and the comparison of the back emf to a sinusoid have allowed us to 
choose β=2/3 and α =3/2 in the two cases. The decrease of didR  favors, on the 
hand a significant wave-form improvement and, on the other hand the motor 
length decreases. The optimal value of didR  0.1 permits the convergence to a 
form very close to a sinusoid. This result has allowed bringing an improvement 
in the analytic computation consisting in the following expression of back emf: 

( ) ( )2 sintph m m gEmf t N L R B p t= Ω Ω              (40) 

However, this modification concerns only the fourth sinusoidal configuration. 
The back emf at no load is illustrated in figure 10. The motor with sinusoidal 
back emf has the advantage of a reduced cost compared to the motor with 
trapezoidal back emf. This is due to the fact that the magnet mass of the first is 
very small compared to that of the second (the motor cost depends strongly on 
the magnet mass). Nevertheless, for the same electromagnetic power, the 
maximal phase current is weaker for a motor with trapezoidal back emf. 
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Figure 9: Trapezoidal back emf at no load for the 3 phases. 
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Figure 10: Sinusoidal back emf at no load for the 3 phases. 
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Figure 11: Torque obtained with the power electronic converter for a trapezoidal back 

emf motor. 

7.3. Electromagnetic torque 

For a trapezoidal back emf motor, we have chosen α=β=1. To have the 
smoothest possible electromagnetic torque, rectangular current must supply the 
motor during 120 electrical degree. The motor supply arises then in a 
succession of electric sequences of 60° during which two phases are supplied in 
series by a constant current. The resulting torque seems to be a simple 



R. Neji et al: Optimization & Design for Radial Flux Permanent Magnet Motor... 
 

 62 

juxtaposition of the torque related to each phase. Two methods are tested to 
find the instantaneous torque (Figure 11) [10]. Firstly, the Maxwell stress 
tensor is integrated on a curve inside the air-gap. Secondly, a more simple 
method is proposed starting from the product of the back emf by the current 
(Figure 12). This figure shows that the torque ripple is weak, which is 
explained by the best form of the back emf. 

-15
-12
-9
-6
-3
0
3
6
9

12
15

0 60 120 180 240 300 360

Electric Angle(°)

C
ur

re
nt

(A
)

Iph1

Iph2

Iph3

 
Figure 12: Phase currents. 

For a sinusoidal back emf motor, we have chosen α=3/2, β=2/3 and didR =0.1. 
The motor is supplied with sinusoidal currents in one phase with back emfs. 
The motor geometry is illustrated in figure 13. The instantaneous 
electromagnetic torque obtained by these two methods is illustrated in figure 
14. This figure shows that the torque ripple is weak. For these two motor types, 
the results obtained by the two methods are very close. This means that the 
cogging torque is relatively weak. Finally, the finite element approach validates 
the analytical computation. The torque value given for the sizing is effectively 
reached [15]. 

 

 
Figure 13: Sinusoidal back emf motor geometry. 
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Figure 14: Torque obtained with the power electronic converter for a sinusoidal back 

emf motor. 

8. OPTIMIZATION PROBLEM  

The optimization problem consists in reducing the material cost of the motor 
with respect to the efficiency constraints and the problem parameters. In fact 
Genetic algorithms (GAs) are used to find optimal values of the radius of the 
wheel in meters wR , the gear ratio r, the bore radius mR , the motor length mL , 
the flux density in the air-gap gB , the current density in the coils δ, the flux 
density in the rotor yoke ryB , the flux density in the stator yoke syB  and the 
number of the coil turns per phase Ntph for an accepted efficiency.  

The optimization problem can be expressed as follows:  

( )minimize
with 0.95,0.25 0.35,1 8,0.025 0.175

mc

w m

M

R r Rη≥ ≤ ≤ ≤ ≤ ≤ ≤
       (41) 

with η is the efficiency of the motor. 

9. GENETIC ALGORITHMS BASED RESOLUTION 

Genetic algorithms are based on the mechanism of the natural selection. GAs 
work with a population of individuals, where each individual represents a 
possible problem solution. Each individual is assigned a fitness value that 
corresponds to the quality of the solution. The population evolves towards 
better solutions through a randomized process of selection, crossover, and 
mutation. The first step of the algorithm consists in generating randomly the 
initial population. Each chromosome is represented by an array that carries the 
values of the Nc variables that allow computing the material cost of the motor. 
The value of each variable is given in binary coding [16]. 
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The optimization problem consists in minimizing the material cost of the 
motor: 

( )mc m c ry sy tM aW bW c W W W= + + + +              (42) 

We transform this minimization problem into a maximization problem to obtain 
the following fitness function: 

- if 
Fitness = 

0 if not
mc asC M M C<⎧

⎨
⎩

               (43) 

Where mcM  must not exceed this constant C .  

The proposed solution must take into account the constraints mentioned in 
equations (41).  

Two selection operators are used. The first one is based on roulette wheel 
selection, a basic selection mechanism to reproduce the next generation based 
on the current population. It is a natural selection method commonly used in 
basic GAs. Each chromosome occupies a sector of the wheel such that its angle 
is proportional to its quality indicator. Thus, a good chromosome will have a 
high quality indicator as well as a large sector of the wheel. Consequently, it 
will have more odds to be selected.  

1

( )

( )
i

s N

j
j

fitness XP
fitness X

=

=
∑

                    (44) 

The second selection operator is based on rotary wheel combined with a 
deterministic selection that imposes that best individuals must be involved in 
the reproduction process.  

The crossing operator is applied randomly to pairs of parent’s chromosomes 
and produces two children chromosomes. A one-point crossover operator is 
used. One-point crossover picks one cut point randomly, takes the pre-cut 
section of the first parent and fills up the offspring by taking from the second 
parent. The sequences between the parents are exchanged to form the new two 
chromosomes [17]. 

The mutation operator used selects randomly a gene from the population; one 
entry is selected at random from the array of numbers and is exchanged from 0 
to 1 and reversal with a weak probability mP .  

When a satisfied solution is reached we decode the best gene. Thus, an array of 
bits iC  is converted to its corresponding value ( )x ii .  
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Figure 15 gives the material cost and the average of the cost function of the 
motor in terms of the iteration number for 500 iterations. This figure shows that 
the pace of the costs average function follows that of the cost function, which 
explains why the algorithm leads to a total improvement of the sought solution.  

These curves show that the optimal solution is reached at the 187th iteration.  

The algorithm converges rapidly due to the good choice of the initial 
population and the chosen GAs parameters.  
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Figure 15: Motor material cost versus the number of iterations 

The table 3 gives the solution for 200 iterations.  

Table 3: Obtained results for the designed sinusoidal back emf motor 

wR (m) r 
mL (mm) mR (mm) gB (T) δ 

(A/mm2) 
syB (T) ryB (T) Ntph 

0.2514 7.6403 57.9179 146.0411 0.8339 6.8876 0.29485 1.496 117 

10. CONCLUSION 

In applications of electric vehicle motorization, the following fundamental 
criteria have to be considered in order to choose the motor: the power-to-weight 
ratio, the efficiency and the cost. After a consideration of the electrical motor 
range, our choice focused on the radial flux permanent magnets motor. This 
choice was guided not only by the high power to weight ratio developed by this 
type of motor, but also by a reduced bulk and a high efficiency. A large design 
procedure was established. Thus, five motor configurations with trapezoidal 
wave-form (The value of the back emf landing is equal to 120 electrical degree) 
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and four motor configurations with sinusoidal wave-form were searched. The 
first dimensioning step was to identify what fixed or mobile input parameters 
should be considered and what outputs would be obtained. The next step 
consisted in finding analytic equations based on electromagnetism, laws related 
to electrical machines that establish the relationships between input parameters 
and the wished results. 

Five pole pairs and twelve slot motor was chosen from the different possible 
configurations. It was found that, the motor under study should have six main 
teeth and six inserted teeth. A concentrated winding was chosen so as to 
simplify the motor manufacture. Furthermore, the concentrated winding would 
allow a decrease in the machine bulk and the cost. This motor seems to be an 
attractive solution for electrical vehicle motorization.  

Finally, the motor dimensioning has been validated and adjusted by a finite 
element approach.  
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List of Principal symbols 

A cost of one kilogram of magnet 
Am area of one magnet 
At area of the tooth 
Aws slot angular width 
α ratio of the main tooth angular width by the magnet angular width 
B cost of one kilogram of copper 
Bg flux density in the air-gap 
Bmin minimum flux density allowed in the magnets 
Br remanent flux density  
Bry flux density in rotor yoke 
Bsy flux density in stator yoke 
β ratio of the magnet angular width by the pole pitch 
C cost of one kilogram of iron 
C core loss 
D density of the metal sheet 
dc density of the copper 
dm density of magnet 
δ current density in coils 
Emf electromotive force 
fr 

 
tire rolling resistance coefficient that depends on the wheel width and of 
the road coating 
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G air-gap thickness 
GAs genetic algorithms 
gp acceleration 
hs slot height 
Ke electric constant 
Kf  slot filling factor 

m
lK < 1 magnet leakage coefficient 

Klr coefficient that depends on the inductance and the resistance 
L inductance of phase 
Ls slot width 
Lm length of the stack of metal sheets 
Lturn a turn average length 
λ angle that makes the road with the horizontal 
M vehicle mass 
μr magnet relative permeability 
μ0 air permeability  
N the number of the feeding conductors 
Nt number of teeth 
ntc total number of conductor 
Ntph number of turns per phase 
Ω angular speed 
ωb basis pulsation 
ωe feeding pulsation of the motor 
Pc copper losses 
Pi iron losses 
rd gear ratio 
rp loss coefficient in the totality reducing motor and 
R phase resistance 
ρ Resistivity 
Sc copper active section 
σ coefficient taking into account the inertia of turning elements (wheels, 

motor tree, transmission of power) 
Ta aerodynamic force 
Tc climbing resistance 
Td torque at the start up 
Trt friction rolling résistance 
Tw torque developed by motorized wheels 
 


