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1. Introduction 

 
The equivalent two-point resistance in a circuit theory is a classic old new attractive 

question. The German physicists Kirchhoff formulated in 1847 two important rules; the 
junction current rule, and the loop voltage rule [1]. Since that date many efforts has been 
carried out in calculating the effective resistance for many infinite networks consisting of 
resistors [2-7]. In previous works mentioned [2-7] one can see that there are mainly three 
methods that can be used to calculate the effective resistance in an infinite networks: 
random walk method [2], current distribution method [3-5], and in 2000 an educational 
elegant method depending on GF has been developed by the Hungarian physicists Cserti 

[6,7]. 
 Following GF method presented in [6, 7] many efforts have been carried in analysing 

different infinite networks as: square [8-13], simple cubic (SC) [14-16], and other 

complicated infinite networks [17-21].  
In previous works, most efforts have paid on calculating effective resistance of infinite 

networks. According to our knowledge few works focused on experimental results [8, 9, 

[13, 14], where a finite network has to be built in to take the measurements (i.e., finite 
square, and SC networks).  

In Ref. [8,9] a finite  square network consisting of identical resistors each of 1  , and a 
tolerance of   has been built where effective resistance has been measured between the 
origin of the constructed network and any other lattice site along the , the , and the diagonal 
direction for both perfect, and perturbed case (i.e., one removed resistor). On the other 
hand, a finite   SC network consisting of identical resistors each of 1  , and tolerance of   has 
been also constructed [13, 14] where effective resistance has been measured between the 
origin of the constructed network and any other lattice site along   for both perfect, and 

perturbed case. 
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Finally, it is important to mention that since 2004 many efforts have been paid for 

analysing finite networks using methods rather than GF [22- 27]. In these references, many 
methods have been applied in calculating the two-point resistance in finite lattices. For 
example Wu’s [22] derived a compact expression for the two-point resistance in terms of 
the eigenvalues and eigenvectors of the Laplacian matrix associated with the network, and 
later on Wu’s method was extended to impedance networks by Tzeng and Wu [23]. 
Recently a new method was proposed to calculate the two-point resistance in a finite 
network [24, 5]. This method is known as recursion-transform approach (or the RT 
method). The RT method has been used to solve many problems of the resistor network, for 
example see [26- 33] and references within them. Furthermore, the RT method is applied 
and used in studying electrical characteristics of some circuit networks as in [34], while in 
[35] the equivalent resistance and complex impedance of an arbitrary m×n cylindrical 
network has been investigated by the RT method. Finally, an exact potential formula of an 

arbitrary m × n globe network is discovered by RT in [36], where in this work a series of 
interesting results of potential was deduced by means of the general formula, and the 
effective resistance between two nodes in the m × n globe network is derived naturally by 

making use of potential formula. 
The main aim of the present work is carrying comparison between theoretically 

calculated effective resistances and experimentally measured values obtained from a finite 
network consisting of network consisting of identical resistors. The rest of this work is 
organized as follow: In sec. 2 some basic relations and preliminaries for the effective 
resistance in both infinite perfect and perturbed square lattice have been presented. In Sec. 
3 we present the experimental work. Finally, we close the paper with results and discussion 
in Sec. 4. 

 
2.  Basic Relation and Preliminaries 
 
Consider a d- dimensional lattice such that all lattice points are specified by position vector 

r
r

defined as: 

1 1 2 2 .... d dr n a n a n a= + + +
r r r r

.                                                                                           (1) 

where 1n , 2n ,…, 
dn  are integers and they can be positive, negative or zeros.   

            1a
r

, 2a
r

,…, 
d

a
r

are independent primitive translation vectors. 

In the case all 
ia
r

’s have the same magnitude ( i.e. 1 2 ... da a a a= = = =
r r r

), then the d- 

dimensional lattice is called a hypercubic. 

In the case of electric network of resistors, we assume the hypercube to consist of identical 

resistors each of resistance R . 
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In order to fine the equivalent resistance between the origin and the site r
r

(i.e ( )R r
r

) the 

following assumptions have been considered 

The potential at the site r ′
r

is defined as ( )V r ′
r

 , while the current enters at the origin and 

exits at a lattice point r ′
r

 , and zero otherwise which can be written as: 

,0 ,( ) [ ]r r rI r I δ δ
′ ′

′ = −r r r
r

.                                                                                                     (2) 

Based on these assumptions and using Ohm’s and Kirchhoff’s laws the equivalent 

resistance between the origin and the site r
r

has been derived and expressed as [6-9]: 

( ) 2 [ (0) ( )]R r R G G r= −
r r

.                                                                                            (3) 

where (0)G is the Lattice Green’s function of hypercube at the origin 

          ( )G r
r

 is the Lattice Green’s function of hypercube at the site r
r

  

For an infinite perfect square network of identical resistors (see Fig. 1) , the effective 

resistance between the sites 
ir
r

and 
jr
r

can be expressed as: 

( , ) 2 [ ( , ) ( , )]R i j R G i i G i j= − .                                                                                (4) 

where ( , )G i i , and ( , )G i j is the Lattice Green’s function of the infinite square lattice 

at the sites 
ir
r

and 
jr
r

respectively. 

 

 

 

 

 

 

 

Fig. 1: An infinite perturbed (two removed resistors) square network of identical resistors 
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Now, removing a resistor from the perfect infinite square network results in a new network 

called perturbed. This case is studied by Cserti [7], where he derived an expression that can 

be used to calculate the effective resistance between the origin and any other lattice site as 

affected by the removed resistor. So removing the resistor between the sites 
oi

r
r

and 

oj
r
r

from a perfect infinite square network, the effective resistance between the sites 
i

r
r

and 

jr
r

respectively in a perturbed infinite square network reads [7]: 

2

1

[ ( , ) ( , ) ( , ) ( , )]
( , ) ( , )

4[1 ( , )]
o o o o

o o

R i j R j i R i i R j j
R i j R i j

R i j

+ − −
= +

−
.                     (5) 

Furthermore, Cserti’s perturbed work has been extended to the case of removing two 

resistors from the infinite square network by Asad and others [8]. Removing the two 

resistors between the sites 
oi

r
r

and
oj

r
r

, and the sites 
okr

r
and 

ol
r
r

then the effective resistance 

between the sites 
ir
r

and 
jr
r

respectively in this new perturbed infinite square network reads: 

2

2 1

1

( , ) ( , ) ( , ) ( , )

2

2 ( , ) ( , ) ( , )1 1
( , ) ( , )

1 ( , ) 1 ( , ) 2

( , ) ( , ) ( , ) ( , )

2

o o o o

o o o

o o o o

o o o o o o o o

R j k R i l R j l R i k

R i j R i i R j j
R i j R i j

R k l R i j

R i k R i l R j l R j k

 + − −
 
 
 
 

− −  
= + +  

′− −   
 
 

+ − −  
×    

(6) 

 

For more details about the derivation of Eqs. (4- 6) one has to refer to the following 

references [6-9]. 

This new perturbed network (i.e., two removed resistors) has been studied only 

theoretically in [8], where effective resistance has been calculated only along 

x direction−  for the following three cases:  
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a- removed resistors are between (0,0) (1,0)− , and (1,0) (2,0)− . b- removed resistors 

are between (0,0) (1,0)− , and (2,0) (3,0)− . c- removed resistors are 

between (1,0) (2,0)− , and (2,0) (3,0)− . Referring to Table 1 in Ref. [8], one can find 

calculated values of the effective resistance between the origin and any other site along 

x direction− for the three cases mentioned above. 

Table 1: Calculated effective resistance of two removed resistors perturbed infinite square 
network of identical resistors.  
The site 

( , )i j  

1( , )R i j

R
 

2 ( , )R i j

R
 

3( , )R i j

R
 

4 ( , )R i j

R
 

5 ( , )R i j

R
 

(1,0) 1.11114 1.03612 1.03026 1.000167 1.049773 
(2,0) 1.633 1.00828 1.04855 0.991377 0.99322 
(3,0) 1.29119 1.33191 1.56294 1.0637 1.123787 
(4,0) 1.24534 1.21519 1.2792 1.130276 1.236955 
(5,0) 1.25686 1.23003 1.24999 1.189312 1.332828 
(6,0) 1.28246 1.26410 1.26797 1.240621 1.414817 
(7,0) 1.31149 1.29987 1.29704 1.286168 1.486267 
(8,0) 1.346905 1.33386 1.3285 1.329001 1.549573 
(9,0) 1.36905 1.36546 1.36985 1.378973 1.606446 

(10,0) 1.39613 1.39469 1.38983 1.505285 1.658077 
(11,0) 1.42191 1.42181 1.41857 1.55143 1.705415 
(12,0) 1.44637 1.44700 1.44587 1.473412 1.7491 
(13,0) 1.46963 1.47053 1.47182 1.479413 1.789708 
(14,0) 1.49174 1.49257 1.49647 1.496779 1.827633 
(15,0) 1.51283 1.51330 1.51995 1.515783 1.863243 
(-1,0) 0.58326 0.54706 0.54363 0.537347 0.561253 
(-2,0) 0.82357 0.80017 0.79586 0.793813 0.849554 
(-3,0) 0.9624 0.94749 0.9435 0.94322 1.078531 
(-4,0) 1.05775 1.04851 1.04572 1.045664 1.216097 
(-5,0) 1.13059 1.12515 1.12414 1.123301 1.32271 
(-6,0) 1.1899 1.18697 1.18812 1.185821 1.410402 
(-7,0) 1.24013 1.23879 1.24238 1.238143 1.485223 
(-8,0) 1.28384 1.28342 1.28962 1.283116 1.550658 
(-9,0) 1.32266 1.32265 1.33158 1.322569 1.608944 

(-10,0) 1.35762 1.35765 1.36937 1.357694 1.661554 
(-11,0) 1.38949 1.38926 1.40382 1.389349 1.709557 
(-12,0) 1.41880 1.41807 1.43548 1.418144 1.753722 
(-13,0) 1.44596 1.44456 1.46483 1.44457 1.794664 
(-14,0) 1.47130 1.46907 1.49220 1.468976 1.832836 
(-15,0) 1.49506 1.49188 1.51785 1.491651 1.86861 

 
In this work we first extend the calculations for the three previous cases studied before from 

the site (11,0) up to the site (15,0) , and from the site (-11,0) up to the site ( 15,0)− . 

Secondly, we introduced two more new cases that have not been studied before: case- d- 

the two removed resistors between (2,0) (3,0)− , and (10,0) (11,0)− . The other case- 

e- the two removed resistors between (0,0) (1,0)− , and (0,0) (0,1)− . The calculated 

effective resistance between the origin and any other lattice site along x direction−  for 
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the last new perturbed cases has been arranged in Table 1 below, where 1( , )R i j refer to 

case a, 2 ( , )R i j refer to case b, 3( , )R i j refer to case c, 4 ( , )R i j refer to case d, and 

5 ( , )R i j refer to case e.  

 

3. Experimental Part 

The aim of this section is to obtain measured experimental values and compare it with the 
calculated counter parts carried for infinite perfect, and perturbed square network. For this 
purpose, a finite square network consisting of identical resistors each of 1 with tolerance of 
5% has been constructed as shown in Fig. 2. 

 

 

 

 

 

 

 

 

 

 

Fig. 2: A 30 30× finite square network of identical resistors. 

The effective resistance between the origin and any other lattice site along has been 
measured for the five perturbed cases described in Sec. 2.  All measured values were listed 
in Table 2. 
 
4. Results and Discussion 

 
In this study we focused on calculating theoretically the effective resistance between the 

origin and any other lattice site along the , and also measuring experimentally the relative 
effective resistance related to those calculated theoretically.  Below we plotted the effective 
resistance between the origin and the lattice site   as shown in Figs. (3- 7). In each of these 
figures a plot of the effective resistance  of the perfect, and perturbed lattice (theoretical, 
and experimental values) against the site for each of the five cases listed in Se. 2.  
 

On the other hand, the experimental values of the effective resistance of the finite perfect 
square network built shows that there is an excellent agreement with the values calculated 
for the infinite square network nearly up to six nearest neighbour after that some variation 
happened due to the surface effect. This means that if we need to study bulk properties of 
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an infinite square crystal then it is enough to consider a finite with dimensions of 15x15 of 
its lattice parameters. In addition, one can see that there is a translational symmetry under 
the transformation from   for the perfect case (theoretical and experimental values). 

 
For the perturbed case, it is clear from the same figures (i.e., Figs. 3- 7) that perturbed 

effective resistor is always greater than of the perfect network, this is due to the two broken 
bonds introduced and it is expected as indicated in Eqs. (5- 6) (i.e., the second term in these 
two equations is positive). As the separation between the origin and the site increases, one 
can see that the perturbed effective resistance (theoretical and experimental) approaches the 
perfect effective resistance (theoretical and experimental). The measured values between 
the origin and the site along the negative in the perturbed lattice shows a good agreement 
up to six nearest neighbour with the calculated values of the perturbed lattice as in the 
perfect case.  
 

Table 2: Measured experimental effective resistance of two removed resistors perturbed 
finite square network of identical resistors.   
The site 

( , )i j  
1( , )R i j

R
 

2 ( , )R i j

R
 

3( , )R i j

R
 

4 ( , )R i j

R
 

5 ( , )R i j

R
 

(1,0) 1.157 1.013 0.534 0.501 1.299 
(2,0) 1.14 1.081 1.158 0.790 1.284 
(3,0) 1.105 1.231 1.105 1.062 1.353 
(4,0) 1.157 1.183 1.061 1.023 1.421 
(5,0) 1.215 1.224 1.105 1.071 1.483 
(6,0) 1.27 1.274 1.157 1.126 1.539 
(7,0) 1.321 1.324 1.209 1.180 1.590 
(8,0) 1.369 1.371 1.257 1.233 1.639 
(9,0) 1.416 1.417 1.304 1.293 1.685 

(10,0) 1.463 1.464 1.351 1.426 1.731 
(11,0) 1.511 1.512 1.401 1.524 1.780 
(12,0) 1.563 1.564 1.452 1.465 1.833 
(13,0) 1.627 1.626 1.516 1.508 1.896 
(14,0) 1.716 1.715 1.605 1.591 1.984 
(15,0) 1.898 1.898 1.787 1.772 2.167 
(-1,0) 0.534 0.534 0.501 0.498 0.656 
(-2,0) 0.79 0.790 0.732 0.725 0.986 
(-3,0) 0.942 0.941 0.872 0.862 1.165 
(-4,0) 1.048 1.047 0.971 0.960 1.283 
(-5,0) 1.130 1.129 1.049 1.037 1.371 
(-6,0) 1.198 1.197 1.115 1.102 1.444 
(-7,0) 1.258 1.257 1.173 1.160 1.506 
(-8,0) 1.312 1.311 1.226 1.212 1.562 
(-9,0) 1.363 1.362 1.275 1.262 1.614 

(-10,0) 1.413 1.412 1.324 1.310 1.664 
(-11,0) 1.463 1.463 1.374 1.360 1.715 
(-12,0) 1.518 1.518 1.429 1.413 1.770 
(-13,0) 1.583 1.582 1.494 1.478 1.835 
(-14,0) 1.672 1.671 1.582 1.567 1.925 
(-15,0) 1.853 1.853 1.764 1.750 2.107 
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Fig. 3: The equivalent resistance between the origin and the site [ ,0]
x

j  (perfect lattice 

theory and experimental- perturbed lattice theory and experimental) where the resistors 

between the sites (0,0)oi - (1,0)oj , and (1,0)ok - (2,0)ol are removed. 

Fig. 4: The equivalent resistance between the origin and the site [ ,0]xj  (perfect lattice 

theory and experimental- perturbed lattice theory and experimental) where the resistors 

between the sites (0,0)oi - (1,0)oj , and (2,0)ok - (3,0)ol are removed. 
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Fig. 5: The equivalent resistance between the origin and the site [ ,0]
x

j  (perfect lattice 

theory and experimental- perturbed lattice theory and experimental) where the resistors 

between the sites (1,0)oi - (2,0)oj , and (2,0)ok - (3,0)ol are removed. 

 

 

 

 

 

 

 

 

 

 

Fig. 6: The equivalent resistance between the origin and the site [ ,0]xj  (perfect lattice 

theory and experimental- perturbed lattice theory and experimental) where the resistors 

between the sites (2,0)
o

i - (3,0)
o

j , and (10,0)
o

k - (11,0)
o

l are removed. 
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Fig. 7: The equivalent resistance between the origin and the site [ ,0]xj  (perfect lattice 

theory and experimental- perturbed lattice theory and experimental) where the resistors 

between the sites (0,0)oi - (1,0)oj , and (0,0)ok - (0,1)ol are removed. 

 
5. Conclusion 

In conclusion, it was found that the experimental and theoretical values were in consistent 
until the sixth site for the perfect case. After the sixth site the experimental values is always 
higher than the theoretical ones. For the perturbed case, the influence of the perturbation 
decreases as the separation between the two removed resistors increases, and for the case 
where one removed resistor on the  , and the other removed resistor on the  . 
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