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Due to its flexible nature, Generalized Frequency Division Multiplexing (GFDM) has recently 
received a great deal of attention making such waveform a suitable candidate for future 5G 
networks. The concept and implementation for the prototype using hardware platforms are now 
made available. GFDM removes the detrimental effects of multipath fading channel into flat 
narrow band channels since the Bit Error Rate (BER) is the target to be satisfied with any kind 
of wireless communication systems. In this paper, the new suggested idea is to take advantage of 
concatenating two kinds of codes for channel coding which are Turbo Code (TC) and Low 
Density Parity Check Code (LDPC) through multipath fading channels. The TC and LDPC are 
implemented in series respectively at the transmitter with their inverse order at the receiver. 
This idea is applied to the fifth Generation (5G) of mobile network for different kind of fading 
channels. As a result, the BER is considerably reduced through using the TC and LDPC codes 
which strengthen the obtained simulation results. The Computational complexity of different 
GFDM system implementations are also analyzed in detail and compared, in the lights of which 
substantial conclusions are drawn. 
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1. Introduction 

 

     GFDM [1] is a promising solution for the 5G PHY layer [2] because its flexibility can 

address the different needs. For real-time applications, the signal length must be reduced to 

fulfill certain latency requirements. Because GFDM is confined in a block structure of 

K×M samples, where K subcarriers carry M subsymbols each, it is possible to design the 

time frequency structure to match the time constraints of low latency applications. Different 

filter impulse responses can be used to filter the subcarriers. This choice affects the out-of-

band (OOB) [3] emissions and the BER performance [4]. As it will be shown, GFDM 

allows engineering signals in their frequency and time characteristics. Thus, the scheme 

retains all main benefits of Orthogonal Frequency Division Multiplexing (OFDM) [5] at the 

cost of some additional implementation complexity. 

 

     Turbo Code [6] is used practically in the third generation communication systems as an 

error correct code due to its perfect error correcting capability. But it has error floor at high 

Signal-to-Noise Ratio (SNR). This may be a significant drawback of Turbo Code. 

Low-Density Parity-Check (LDPC) [7] code is a linear error correcting code, a method of 

transmitting a message over a noisy transmission channel. It can approach to Shannon limit 

closer than turbo code with block length of 106 and code rate of 1/2. LDPC code uses sum-

product algorithm which uses only sum and product operation. So the decoding complexity 
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is very low as compared to turbo codes MAP (Maximum A Posteriori) algorithm. And 

LDPC code needs no inter leaver when it is used as a component code in concatenated 

scheme. 

    The subject of error-correcting coding to enhance the performance of wireless 

communication systems is well documented. The most popular codes are the Turbo Code 

(TC) and the Lower Density Parity Check (LDPC) code which produced better results once 

they are used in the channel coding of any kind of communication systems. In this paper a 

new idea of channel coding is proposed, based on concatenation of TC and LDPC codes. 

This is applied to the fifth Generation (5G) of GFDM transmission system in the presence 

of multipath fading channels such as Gaussian [8], Rayleigh [9] and Rician [10] ones. 

Simulation results show that implementing the TC and LDPC codes respectively in series at 

the transmitter and their inverse order at the receiver will reduce the bit error rate (BER) 

significantly compared to TC and LDPC codes used individually.  

    High-Quality and High-Speed multimedia solutions are required within the next era 

mobile conversation systems. Nonetheless it is difficult to fulfill these solutions with just 

turbo code because of error floor. The LDPC-turbo concatenated scheme is definitely an 

option to solve this issue, because it can combine the performances of turbo code at low 

SNR and LDPC code at high SNR. 

    The rest of the paper is organized as follows. Section II provides mathematical 

development of GFDM system. Section III deals with the TC codes. In Section VI reviews 

the existing work on the design of LDPC codes for AWGN channel. Obtained results are 

presented and discussed in Section V. The paper is concluded with some remarks in section 

VI. 

 

2.  Mathematical development of GFDM system 

 

Consider the block diagram depicted in Figure 1 a data source provides the binary data 

vector���, which is encoded to obtain �������. A mapper, e.g. Quadrature Amplitude Modulation 

(QAM), maps the encoded bits to symbols from a 2µ valued complex constellation where µ 

is the modulation order. The resulting vector ��denotes a data block that contains N 

elements, which can be decomposed into K subcarriers, with M, sub symbols each 

according to �� � ��	
�����, ��
�����, … , ����
������������   and  �������� � ��	,�
���������, ��,�
���������, … , ����,�
���������������

 the total number 

of symbols follows as N = KM. The details of the GFDM modulator are shown in Figure 1 

each dk,m is transmitted with the corresponding pulse shape. 

 

Figure 1. Details of the GFDM modulator. 
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��,���� � ���� − ���   ���  ��. exp �−#2% &
' �� (1) 

   Where n denotes the sampling index. Each ��,���� is a time and frequency shifted 

version of a prototype filter ���� using in this paper Raised Cosine (RC) such as Roll-off 

α=0.1 [1]. The transmit samples (� � �(����
 are obtained by superposition of all transmit 

symbols 

 

(��� � ) ) �� ,�[�]. ��,� 
�*���

�*	
���
�*	 ,   � = 0, … , � − 1    (2) 

Collecting the filter samples in a vector ��,���������� = -��,�[�].

 allows to formulate (2) as  

 (� = /. �� (3) 

Where A is a KM ×KM transmitter matrix [9] with a structure according to  

 / = -�	,	�������� …  ����,	��������������	,��������� … ����,����������������������. (4) 

Transmission through a wireless channel is modeled by 

 12� = 3.4 (2� + 6� (5) 

    And  12� is the received counterpart of (2�. Here, 37 denotes the channel matrix which is a � 

by � (� = � × ') convolution matrix with band-diagonal structure based on a channel 

impulse response. Lastly, 6� denotes Additive White Gaussian Noise (AWGN). 

    At the receiver, time and frequency synchronization is performed; yielding 189���� .Then the 

cyclic prefix is removed. 

    Under the assumption of perfect synchronization, i.e.  18:������ = 12�, the cyclic prefix can be 

used to simplify the model of the wireless channel as 

 1� = 3. (� + 6� (6) 

    The overall transceiver equation can be written as 1� = 3. /. �� + 6�. Introducing (;����� =3��. 1� = 3��. 3. /. �� + 3��. 6�  as the received signal after channel equalization, linear 

demodulation of the signal can be expressed as  

 �<� = =. (;����� (7) 

Where B is a � × ' receiver matrix. Several standard receiver options for the GFDM 

demodulator are readily available in literature: The Matched Filter (MF) receiver=�> =/?, the Zero-Forcing (ZF) receiver=@> = /��, the linear Minimum Mean Square Error 

(MMSE) receiver =��AB = -CDE + /? . 3? . 3. /.��. /? . 3? makes a trade-off between 

self-interference, and noise enhancement. Here, CDE denotes the covariance matrix of the 

noise.  Finally, the received symbols �<� are demapped to produce a sequence of bits ��F���� at the 

receiver, which are then passed to a decoder to obtain �G��. 
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Figure 2. Block diagram of the transceiver. 

3. Overview of block Turbo Codes (TC)  

 
3.1. Encoding scheme 

 

The Turbo Code (see Figure 3) is constituted by parallel concatenated convolutional 

codes in which the information bits are first encoded by a Recursive Systematic 

Convolutional (RSC) code and then, after passing the information bits through an inter 

leaver, are encoded by a second RSC code (see Figure 4).  

 

 
 

 

 

 

Figure 3. Turbo coder system 

 

 

 

 

 

 

Figure 4. Recursive Systematic Convolutional Encoder rate R = ½ and generators G = [7 5] 
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3.2. Decoding Turbo Code 

 

Signal transmission over an AWGN channel, A well-known hard-decision rule, known 

as Maximum Likelihood (ML), is to choose the data dk = +1 or dk = -1 associated with the 

larger of the two intercept values. For each data bit at time k, this is tantamount to deciding 

that dk = +1 if xk falls on the right side of the decision line, otherwise deciding that dk = -1. 

A similar decision rule, known as Maximum A Posteriori (MAP), which can be shown to 

be a minimum probability of error rule, takes into account the A Priori Probabilities of the 

data. The general expression for the MAP rule in terms of APPs is as follows: 

 

H�� = +1|()31≷32H�� = −1|() (8) 

Equation (8) states that you should choose the hypothesis H1, (d = +1), if the APP H�� = +1|(), is greater than the APP H�� = −1|(). Otherwise, you should choose 

hypothesis H2, (d= -1). Using the Bayes’ theorem, the APPs in Equation (1) can be 

replaced by their equivalent expressions, yielding the following 

 

H�(|� = +1)H�� = +1)31≷32H�(|� = −1)H�� = −1) (9) 

Equation (9) is generally expressed in terms of a ratio, yielding the so-called likelihood 

ratio test, as follows 

 H�(|� = +1)H�� = +1)H�(|� = −1)H�� = −1) 31≷321 (10) 

By taking the logarithm of the likelihood ratio, we obtain a useful metric called the log-

likelihood ratio (LLR). It is a real number representing a soft decision output of a detector, 

designated as follows 

 

K��|() = K�� H�� = +1|()H�� = −1|() (11) 

K��|() = K�� H�(|� = +1)H�(|� = −1) + H�� = +1)H�� = −1) (12) K��|() = K�(|�) + K��) (13) 

To simplify the notation, Equation (13) is rewritten as follows 

 K′-�<. = K��() + K��) (14) 

Where the notation Lc(x) emphasizes that this LLR term is the result of a channel 

measurement made at the receiver. The equations above were developed with only a data 

detector in mind. Next, the introduction of a decoder will typically yield decision-making 

benefits. For a systematic code, it can be shown that the LLR (soft output) L (d) out of the 

decoder is equal to Equation (15)  

 K-�<. = K′-�<. + KM-�<. (15) 

Where L(d) is the LLR of a data bit out of the demodulator (input to the decoder), and 

Le(d) is called the extrinsic LLR, represents extra knowledge gleaned from the decoding 

process. The output sequence of a systematic decoder is made up of values representing 

data bits and parity bits. From Equations (14) and (15), the output LLR L (d) of the decoder 

is now written as follows: 

K��) = K��) + KM��) + K���) (16) 
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    The sign of K��) denotes the hard decision; that is, decide that d = +1 for positive values 

of K��), decide that d = -1 for negative values of K��). The magnitude denotes the 

reliability of that decision.  

 

 

 

 

 

 

Figure 5. Decoder block schemes 

4. LDPC CODE 

 

LDPC codes and their iterative decoding algorithm were proposed by Gallager in 1962 

[11], [12]. LDPC codes have been almost forgotten for about thirty years, in spite of their 

excellent properties. 

LDPC codes are defined as codes using a sparse parity-check matrix with the number of 

l’s per column (column weight) and the number of l’s per row (row weight), both of which 

are very small compared to the block length. LDPC codes are classified into two groups, 

regular LDPC codes and irregular LDPC codes. Regular LDPC codes have a uniform 

column weight and row weight, and irregular LDPC codes have a non-uniform column 

weight. We describe an LDPC code defined by ' × � parity-check matrix 3 as ��, ') 

LDPC, where � = � − ' and the code rate is C = �/�. 
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Figure 6. (a) Factor graph and (b) notation of the sum-product algorithm 
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4.1. Decoding LDPC Code using sum-product Algorithm [13] 
 

First, we describe the notations of the sum-product algorithm in Figure 6 (b). '�U) denotes the set of check nodes that are connected to the bit node 1, i.e., positions of 

“1”s in the lth column of the parity-check matrix. ℒ��) denotes the set of bits that 

participates in the mth parity-check equation, i.e., the positions of “1”s in the mth row of the 

parity-check matrix. '�U)/� represents the set '�U) with the mth check excluded and ℒ��)/U represents the set ℒ��) with the Uth bite excluded. WX→�Z , where i = 0. 1, denotes the probability information that the bit node U sends to the 

check node �, indicating H�(X = [). \X→�Z , denotes the probability information that the �th check node gathers for the Uth bit 

being i. 

 

A.1 Initialization  
In the case of equiprobable inputs on a memoryless AWGN channel with QAM,  

 

K�]X) = K�� H�1X|(X = +1)H�1X|(X = −1) = 2̂E 1X (17) 

Where (X , 1X  represent the transmitted bit and received bit, respectively, and ^E is the 

noise variance. For every position ��, U) such that 3�,X = 1, where 3�,X represents the 

element of the mth  row and the Uth column in the parity-check matrix 3, K-WX→�Z . and K-\X→�Z . are initialized as 

 K-WX→�Z . = K�]X) K-\X→�Z . = 0 
(18) 

 

A.2  Checks to bits 

 

Each check node m gathers all the incoming information K-WX→�Z . and updates the belief 

on the bit 1 based on the information from all other bits connected to the check node m. 

 

K-\X→�Z . = 2_`�ℎ�� b c _`�ℎ �K-WXd→�Z ./2)Xd∈ℒ��)/X f (19) 

 

A.3 Bits to checks 

 
Each bit node l propagates its probability to all the check nodes that connect to it. 

 K-WX→�Z . = K�]X) + ) K-\�d→XZ .�∈��X)/�  (20) 

 

A.4 Check stop criterion 

 
The decoder obtains the total A Posteriori Probability for the bit I by summing the 

information from all the check nodes that connect to the bit l. 

K-WXZ. = K�]X) + ) K-\�→XZ .�∈��X)  (21) 
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Hard decision is made on the  K-WXZ., and the resulting decoded input gh is checked against 

the parity-check matrix H vector. If  i. gh = j, the decoder normally stops and outputs gk , 

otherwise the steps A2-A4 are repeated. The sum-product algorithm models the maximum 

quantity of iterations (max iteration). If the real amount of iterations turns into the 

maximum quantity of iterations, the decoder stops and outputs. 

If LDPC code is connected to Turbo Code serially without inter leaver like Figure 6, high 

coding gain can be expected with low decoding complexity. LDPC code is used as an outer 

code in this scheme, since LDPC decoder can receive reliable decoded bits from turbo 

decoder even at low SNR. Input bits are encoded by LDPC and turbo encoder in sequence, 

and the encoded bits are transmitted to channel and decoded in turbo and LDPC decoder. 

Iterative decoding is used in each LDPC and turbo decoder. 

   When LDPC code rate is R1 and Turbo Code rate is R2, the total code rate is R1R2. The 

selection of each code rate is also important. Various rates of LDPC code can be made 

easily, since LDPC code rate is determined by the size of parity check matrix. 

 

 
Figure 7. Transmission and reception of GFDM system with concatenated of TC and LDPC Codes 

 

5. Results and discussion 

 

  The simulations carried out on the GFDM transmission system shown in Fig 5. The 

simulation parameters are shown in Table 1. 

 

Table 1: 5G-GFDM design parameter 

Parameters       Values 

Mapping 16-QAM 

Transmit Filter Raised Cosine (RC) 

Roll-off (α) 0.1 

Number of subcarriers (K) 64 

Number of subsymbols (M) 9 

The size of the parity check matrix of LDPC code 21600x21600 

The parameters of the Turbo Code (TC) RSC1=RSC2= (7,5)8 

 

Performances of LDPC and Turbo Code are compared with the same 1024 input bits and 

code rates of TC, LDPC and TC-LDPC are, respectively, RTC= 1/3, RLDPC= 7/24 and RTC-

LDPC= (1/3) × (7/8) =7/24. LDPC code is made by 21600x21600 parity check matrix, and 

Turbo Code is composed of the convolutional code with the generator polynomial of  (7, 

5)8. The number of iterations in Turbo Code is set to 5, because the performance 

improvement is almost saturated after 5 iterations, and the maximum number of LDPC 

codes iterations is set to 50 to make decoding delay time as short as possible. Actually, only 

several iterations are needed to get the BER of 10-6 in our simulation, and AWGN (white 

Gaussian noise channel) channel is assumed. 
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The simulation result is shown in Figure 8 turbo code outperforms LDPC code up to 

about 1 (dB). For example, Turbo Code shows BER of 10-5 at 11 (dB), but LDPC code 

shows BER of 10-3 at the same SNR. However, less performance improvement is observed 

at high SNR due to error floor. So the BER of Turbo Code is higher than that of LDPC 

code over 1 (dB). 

In contrast to Turbo Code, LDPC code shows relatively high BER at low SNR. But its 

BER curve falls steeply and outperforms Turbo Code as SNR is increased. So, reduction of 

error floor can be expected when LDPC code is concatenated to Turbo Code. 

 

Figure.8 Performance comparison of different encodings for a Gaussian channel 

Figure 8 shows BER versus SNR for a Gaussian channel, we note that in the GFDM 

without channel coding the SNR for BER= 10-8 was about 21 (dB), whereas when we use 

TC and LDPC separated the results at BER= 10-8 were 14 (dB) and 13 (dB) respectively. 

The best value of SNR was 9 (dB) when we use TC and LDPC together. 

 
Figure.9 Comparison between the performances of different encodings for Rayleigh channel. 

Figure 9 provides information about BER versus SNR for a Rayleigh channel, as we can 

see in the GFDM without channel coding the SNR for BER= 10-6 was 40 (dB), whereas 

when we use TC and LDPC separated the results at BER= 10-6 was 21 (dB) for both TC 

and LDPC. The best value of SNR was 13 (dB) when we use TC and LDPC together. 

    Figure 10 illustrates BER versus SNR for a Rician channel, concatenated scheme shows 

lower BER than Turbo Code and LDPC code. The concatenated scheme needs 14 dB to get 
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BER of 10-6, but Turbo Code and LDPC need around 21 dB. This difference in 

performance is increased as SNR is increased further. This performance improvement may 

be due to LDPC decoder which receives more reliable decoded bits from turbo decoder. 

 
Figure.10 Comparison between the performances of different encodings for the Rician channel. 

6. Computational complexity 

 
Table 2 summarizes the computational complexity in terms of the number of complex 

multiplications involved in the different GFDM system implementations including TC-

GFDM, LDPC-GFDM, LDPC-TC-GFDM and GFDM without channel coding system.  

The parameter I refers to the number of iterations in the decoding channel algorithm for 

LDPC and TC. 

 

Table 2: Computational complexity of different GFDM system implementations 
Technique Numbre of Complex Multiplications (NCM) 

TC-GFDM 
'. �
2

�' 5 U��E��� 5 �C
l . m
l��2U��E�'� 5 1�� 

LDPC-GFDM 
'.�

2
�' 5 U��E��� 5 �Cnopl . mnopl��2U��E�'� 5 1�� 

LDPC-TC-GFDM 
'.�

2
�' 5 U��E��� 5 �C
l . m
l 5 Cnopl . mnopl��2U��E�'� 5 1�� 

GFDM 
'.�

2
�' 5 U��E���� 
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Figure.11 Computational complexity comparison of different GFDM systems. 

 

Figure 11 shows comparison of different obtained results for TC-GFDM, LDPC-GFDM, 

LDPC-TC-GFDM and GFDM without channel coding system in terms of the number of 

complex multiplications. It can be seen through the obtained results that both TC-GFDM 

and LDPC-TC-GFDM systems reveal a calculating complexity which is closer to that one 

can obtain with a system without channel coding. We can also notice that the LDPC-GFDM 

system has higher computing complexity than the GFDM without channel coding system 

has 

 

7. Conclusion 

 

     Generalized Frequency Division Multiplexing (GFDM) is a new digital multicarrier 

concept with extremely attractive properties; However; it has undoubtedly some relevant 

issues that require appropriate solutions since there is an insisting need for innovative 

decisions. With this objective in mind, we provide in the present work a new idea 

consisting of concatenating the LDPC and Turbo Code in order to enhance the error 

performance at high SNR for the next generation multimedia cellular communications. The 

performance of the system is analyzed throughout this paper and the computational 

complexity issues are deeply discussed. 

     Turbo code displays poor overall performance at high SNR because of error floor. But 

LDPC code displays no error flooring and outperforms Turbo Code at high SNR, and the 

decoding algorithm is simple when compared with Turbo Code. Furthermore, LDPC code 

doesn't need inter leaver when it is utilized in a concatenated scheme. Therefore, the 

concatenation of LDPC and Turbo Code without inter leaver is a great combination to get 

top quality multimedia solutions. The concatenated scheme did not show error floor in our 

simulation, and it outperforms LDPC code of the same code rate when external LDPC code 

rate is selected properly.  

   Therefore the LDPC-turbo concatenated code is usually expected to be appropriate to the 

near future mobile communication systems which need low BER with low decoding 

complexity and also high throughput efficiency. However when the code rate of LDPC 

code is definitely relatively high, the efficiency degradation is noticed.  

The computational complexity in terms of the number of complex multiplications involved 

in the different GFDM system implementations including TC-GFDM, LDPC-GFDM, 

LDPC-TC-GFDM and GFDM without channel coding system show so far that both TC-

GFDM and LDPC-TC-GFDM have the lowest complexity. This substantial reduction in the 
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amount of complex multiplications that are involved makes our proposed structures 

attractive. 

    Finally, the extensive researches on the more suitable LDPC code rate should be done 

and still remain an interesting topic for further work investigation. 
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