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The present work deals with the calculation of the time varying induced emf in permanent 
magnet synchronous machines from the numerical finite element solution. A review of the 
existing methods is presented; their intrinsic merits, in terms of accuracy and speed of 
computation, are compared. The currently used method, which relies on a weighting averaging 
procedure of the magnetic vector potential (MVP) over the slot  area in order to derive the 
winding flux linkage and the stator induced, has been modified to enhance its accuracy. An 
alternative method, which relies on the magnetic vector potential distribution along the mid 
airgap line, is proposed to carry out the same task. This approach has turned out to be very 
efficient since it enables a straightforward data handling, signal reconstruction, filtering and 
spectrum analysis of the relevant waveforms to be easily implemented in a single post-processing 
function. Finally, the relevance and efficiency of each method, in terms of accuracy and speed 
of computation, has been confirmed by the experimental results.  
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1. Introduction 

 

 Today the finite element method represents indubitably the state of art for magnetic field 

computation in electric machines [1]. Because of its accuracy and flexibility to deal with 

any geometrical configuration, the finite element is the ultimate tool in machine design [2-

5]. To track the abrupt variation of the magnetic flux density in the slotted region of the air 

gap, first order approximating polynomials of the magnetic vector potential are used to 

describe the physical behavior the magnetic flux density [6], [7]. Although the numerical 

solution of the magnetic field problem, in terms the magnetic flux density and the magnetic 

vector potential, is readily available from FEM packages, its post processing still requires a 

certain skill as far as steady state performance prediction is concerned. The final stage of 

the modelling procedure consists of the validation of the FEM model. A quick way to 

assess the validity of the numerical solution is to compare the computed induced emf 

waveforms in the stator windings with either the expected solution or the experimental 

results. Indeed, the emf formulation involves all the physical and electrical parameters of 

the design [8], [9]. For that reason, a great deal of attention has been focused on its 

calculation in relation to permanent magnet machines [10], [11]. Presently, the emf 

computation seems to be a no longer critical issue because the phase flux linkage and the 

phase induced emf are directly available from Time Stepping Finite Element Method [6], 

[12-15]. Since Transient FEM is very time consuming, magnetostatic solvers are still used 
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to derive the induced emf. However, this approach, which emulates the TSFEM still 

remains time consuming because the rotor has to be rotated by finite steps, by a slot pitch at 

least, to derive the magnetic flux over a double pole pitch. To reduce the post processing 

time, a technique based on Space and Time transformations has been developed [16]. 

Although the magnetic vector potential and the magnetic flux density describe the same 

field quantity, their intrinsic merit should be estimated in terms of computational effort and 

accuracy, in relation to the post processing procedure. As far as computational effort is 

concerned, only a single run of the magnetic field problem is required to derive the induced 

emf signal from the flux density whereas multiple runs are needed to perform the same task 

from the magnetic potential. 

In terms of accuracy, the flux density method preserves the intrinsic precision of the FEM 

since the numerical solution is used as it is. In contrast, the magnetic potential vector 

method relies on the averaged value of the magnetic vector potential over the slots. One can 

conclude that by smoothing the vector magnetic potential, the magnetic flux, the emf and 

the inductances from which they are derived are inevitably affected [7]. The question that 

arises is to what extent the accuracy of the numerical solution is preserved. This work, 

which addresses this issue, is articulate in three main parts. The first discusses the 

commonly used calculation procedure of the magnetic flux, based on the magnetic vector 

potential to highlight its impact on the accuracy of the numerical solution. The second part 

explains how the previous method has been modified to take full advantage of the 

numerical solution not only to match its intrinsic accuracy but also to reduce the post 

processing time. A TSFEM program has been used to evaluate the effectiveness of the 

proposed method [17]. Finally, simulation results have been experimentally validated. 

  

2 Back-emf Computation 

 Emf generation, in a single conductor of the stator windings, results from the sweeping 

motion of the resultant air gap magnetic flux density over that conductor. Provided that the 

conductor relative speed is constant, the time variation of the induced emf represents the 

image of the magnetic flux density distribution within the air gap volume. Therefore, as far 

as emf calculation is concerned, the designer is no longer concerned with the physical 

configuration of the model, once the field distribution is in hand. One way to avoid dealing 

with the complex shape of the air gap magnetic flux density distribution waveform is to 

calculate the phase magnetic flux linkage, and subsequently derive the induced emf. To 

achieve that goal, the Faraday-Fleming’s law or flux cutting rule is manipulated in such a 

way to provide a mathematical expression of the magnetic flux per pole in terms of the 

harmonic components of the magnetic flux density distribution [8], [9]. In the classical 

design procedure, only the knowledge of the fundamental of the air gap magnetic flux 

density is needed in the performance prediction of the design. In the early eighties, the 

increasing need for simulation tools of semiconductor converter fed drives has led to the 

formulation of coupled field-circuit problems. In 1988, Arkkio provided a complete 

analysis of an inverter fed induction motor in which the source and the induction motor 

FEM models are solved simultaneously [12] exclusively based on a magnetic vector 

potential formulation.    

 This approach is fully justified, as far as transient performance prediction is concerned, 

since it provides the only mean for programming coupled field problems. In this approach, 
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the magnetic flux linking a coil is found from the circulation of the magnetic vector 

potential along the active coil sides. In a 2D dimensional magnetic field problem, the 

magnetic vector potential reduces to its z component and the magnetic flux per unit length 

through a single coil can be found from the difference between the values of the magnetic 

potential at each coil side’s location. Depending on the magnetic vector potential 

distribution over the slot and the size of the mesh elements, the value magnetic vector 

potential is found using a weighted averaging process 

 

3. Magnetic Flux Computation 

3.1. First-Order Finite Element Solution 

 

 In magnetostatic field problems, the magnetic flux density is found by solving the 

Poisson’s equation, 

                     ( ) ( )y x

A A
J

x x y y
ν ν Σ

∂ ∂ ∂ ∂
+ = −

∂ ∂ ∂ ∂
                                                          (1) 

which encapsulates the Maxwell’s equations and the constitutive media equation. The 

magnetic field density is expressed in terms of the magnetic vector potential. 

potential. 

                                       B A= ∇×
rr

                                                                                   (2) 

The analytical solution of equation (1) is a continuous surface defined by A(x, y). In two 

dimensional problems the vector magnetic potential reduces to its z components. The power 

of the finite method, as a numerical method, lies in its ability to avoid the direct 

discretization of the partial derivative involved in relation (1) but provide a counterpart 

integral formulation. The domain solution can be therefore divided in sub domains 

according to the geometry and the nature of the media involved in the model. Each sub 

domain is further divided into triangular elements where the behavior of the magnetic 

vector potential is approximated by a first order polynomial. 

                           1 2 3( , )
e

A x y x yα α α= + +                                                                   (3) 

which is usually expressed in terms of the shape functions as    
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where the coefficients an,bn and cn, are related to the coordinates of the vertices i, j, k of the 

triangular element and the nodal value of the potential e

nA . The only constraint made upon 

the choice of the approximation polynomial is to comply to the physical behavior of the 

magnetic flux density at the interface of adjacent air-iron regions, to insure the continuity of 

the field variable within the domain of solution and the existence of its derivative. The 

magnetic flux density is found as 

             

, , , ,2 2
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e n n

n i j k n i j k

A A c b
B i j A i A j

y x = =
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= − = +
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                                      (5) 

 Since the first derivatives of the first order polynomial are constant, the magnetic density 

is discrete distribution whose values changes from element to the adjacent one. 
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3.2. Coil Flux Linkage 

 The magnetic flux through a full pitched single turn coil of the windings is calculated by 

application of the Stokes' theorem 

           ( ) ( ) ( )
( )

  ( ( , ) ( , ))

z
S l S l l S

z z

B dS A dS A dl

A r A r l

φ

θ θ π

= ⋅ = ∇× ⋅ = ⋅

= − +

∫ ∫ ∫
rr r r rr

�
                                             (6) 

 The magnetic flux per phase is then evaluated [7] as 
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 In coupled circuit, the derivative of (7) 
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provides the link between the finite element model and the external excitation circuits. In 

the previous relations, the azimuthal position, at which the magnetic vector potential 

distribution is evaluated, is imposed by the locations the winding on the stator. By 

substituting (4) into (7)  
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 Performing the integration in terms of area coordinates, over the triangular elements of 

the slot and using Euler’s integration formula, the final result is written as  
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 The last relation can be recognized as the barycentric value of the average potential of 

the node, of the triangular element. Relation (7) can written in terms of (10) as 
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= = −∑ ∑                                              (11) 

where the indices  k
s and k

s refer to the starting and return sides of the same coil. To take 

into account of the angular shift between the coil sides of the phase winding, relation (11) 

has to be modified as 

        

1

( ) ( ( ( 1) ) ( ( 1) ) )
k k

g

a c s s

k

pN l A g A gψ θ θ γ θ γ π
=

= + − − + − +∑                      (12) 

 Therefore the initial distribution of the magnetic vector potential over a slot is replaced 

by its average value. The question that imposes itself is to what extent the accuracy of the 

computed magnetic flux density solution is affected. 
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4. Magnetostatic Field Solution 
 

4.1. Motion Modeling 

 Figure 1 shows the implementation of the FEM model of the permanent magnet 

synchronous machine over a pole pitch using the FEMM package [18], [19]. However, half 

of the model is needed to simulate the rotor rotation [18] using a Lua program. The purpose 

of this program is to perform three tasks. The first one consists of mechanically rotating the 

rotor geometry by a finite step   of one mechanical degree and time varying the current 

distribution in the stator windings in such a way to impose a constant relative position 

between the stator and rotor mmfs. In this way any synchronous operation, for a given 

internal load angle, can be simulated. Once the previous job has been achieved, the Lua 

program is used to run the magnetostatic FEMM solver. Finally, the last task consists of 

post-processing the finite element solution in order to recover the relevant electrical 

variables in terms of the rotor angular position. 

 

 
 

Fig. 1  Flux density map over a pole pitch 

 

 
Fig. 2  Computed potential distribution over a double pole pitch 

 

 As a result the magnetic vector potential distribution, the stator windings magnetic flux 

linkage and the electromagnetic torque [18] are written to files for further processing by 

another series of dedicated programs. Relevant field variables are shown in figures from1 to 

5. The function of these programs is described in the following sections. Although this 
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approach seems to be cumbersome and very time consuming, it follows the same steps 

involved in The TSFEM procedure. However, its main objective is not only to highlight the 

side effects involved in the averaging process of the magnetic potential in the TSFEM 

formulation but also focus, first of all, on the merit of the proposed method in preserving 

the intrinsic of accuracy the FEM and secondly on the drastic reduction of the 

computational effort needed to process the numerical solution of the magnetic field 

problem. 

 

4.2. Post-processing the Magnetostatic Solution 

 

 Several post processing are available within the FEMM package [18] to extract the 

magnetic flux linking a phase winding, a coil winding and the average magnetic potential 

over a slot from the finite element solution. The induced emf is subsequently derived from 

the tabulated data sets representing the variation the magnetic flux, the magnetic vector 

potential and the magnetic flux density against the angular position. To perform this task 

their harmonic content is found. Each quantity can be represented by discrete Fourier series, 

defined periodically over an interval L by a set of evenly spaced points 
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 The merit of the Fourier’s representation of the field variables is two folds. First, by 

increasing the number of samples, signal aliasing can be avoided since the harmonic 

content of the signal being reconstructed is under the control of the programmer. Second, 

computation of the derivative or the integration of relation (14) can be carried out easily 

using the Fourier’s coefficients (15) previously calculated; thus minimizing round off 

errors. 

 

 

5. Derivation of Winding Voltage 
 

5.1 Magnetic Flux Density 
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 The induced emf in a coil sides of a full pitched of a coil of turns is found according to 

Faraday’s-Fleming’s Law as  

                                      ( )c ce N B lvθ=                                                                           (16) 

where the magnetic flux density distribution along the midair gap line, shown in figure 3, 

has been obtained from the FEMM solution. 

 

 
 

Fig. 3  Computed magnetic flux density derived from fig. 2 

 
 

Fig. 4  Measured magnetic flux density 

 

The same plot, also given as a set of tabulated values, is resolved in Fourier series as 

 

                          

1
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k
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= +∑                                                            (17) 

The generated voltage in the stator windings made up from coils per phase and per pole is 
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whose peak value is 

                        4
mk c mk dk
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 An alternative method of deriving the induced emf, based on the Faraday-Fleming’s law, 

is proposed by [20]. The work is very interesting in many respects. Firstly, it provides a 

comprehensive review of previous work concerned with emf calculation in BLDC motors, 

over two decades, stressing on their limitation to deal the slotting effect. Prior to any 

calculation, the magnetic flux due to the magnetic and the armature reaction fields has to be 

derived from an analytical model based on the methodology developed by [11]. The 

derivation of the induced emf is done through a complex algorithm which consists to match 

the slot number with the magnetic flux density experienced by the conductors embedded in 

that slot. In contrast, in the method presented above, not only the physical aspect of the flux 

cutting rule is emphasized but also implicitly incorporates the slotting effect of the air gap 

region. 

 

5.2 Magnetic Vector Potential Method 

 

 The derivation of the magnetic flux according to (7) is attractive in many respects. First 

of all, the integral terms of relation of (7) are readily available from the FEMM package. 

Secondly, the flux, emf and inductances are obtained in straight forward manner through 

dedicated post processing function embedded within the FEMM package [18]. To be 

consistent with the method described in the previous section, the magnetic flux has been 

calculated from the distribution of the magnetic vector potential along the mean air gap line 

shown in figure 2. This distribution can be represented by a discrete Fourier series. 

                     

1

( ) sin( )
n

mk k

k

A A kθ θ ζ
=

= +∑                                                                   (20) 

 

Using relation (18) the phase linking flux is found as 
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The induced emf is then 
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whose peak value is 

       14
mk t dk mk

E k f N lK Aπ=                                                                                      (23) 

 Indeed, the derivation of the induced voltage is faster using the magnetic flux density 

compared to the MVP distribution approach. The latter involves two steps, first the 

magnetic flux has to be computed according to (21) then emf is found using relation (22). 

 

 

5.3 Consistency of the two Methods 

      TheBy equating relation (17) and relation (21), the magnetic potential can be expressed 

in terms of the magnetic flux density 

                
1

mk mk
A B

k

τ

π
=                                                                                                 (24) 
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By multiplying both side by 2l 

                                    
2

2
mk mk

l B A lτ
π

=                                                                         (25) 

The last relation can be recognized as of the Stokes’ theorem 

                           
( ) ( )

z
S l l S

B dS A dlφ = ⋅ = ⋅∫ ∫
uur rrr

                                                              (26) 

for calculating the magnetic flux due the harmonic of order k linking a single turn whose 

coil side length l spanning over a pole pitch τk 

 

6. Results and Discussion 

 

6.1 Simulation Results 

 

 From the previous discussion, it can be understood that the computation of the phase 

magnetic flux linkage can be formulated in two ways, i.e., either in terms of the MVP 

distribution over the slot area or in terms of a point distribution along a predefined contour. 

The first one, given by relation (7), relies on an integral formulation, which is used both in 

the transient FEM and the static FEMM solvers. The integral formulation requires the 

definition the dimensions of the machine and the parameters of the stator windings during 

the prep processing stage of the modeling procedure. Post-processing functions are 

available to retrieve the magnetic flux and the induced emf per phase. However, the second 

formulation is much more challenging since the same task can be only carried out by using 

a specific program which has to be developed by the designer. The algorithm of such a 

post-processing function is outlined in subsection V-B. Since the MVP is defined as a point 

distribution, as shown figure 2, the same function can be used to compute the magnetic flux 

linkage either from the mid-air gap line distribution or from the value of the MVP at the 

slot centroid. Hence, the magnetic flux linkage can be derived in four different ways as 

illustrated in figure 5. From the inspection of previous figure, the simulation results can be 

classified in two batches according to the adopted method for processing the MVP. The 

first one, which includes plot 1 and plot 2, has been derived from the point distribution of 

the MVP shown in figure 2 using relation (21). The second one, which includes plot 3 and 

plot 4, has been obtained respectively from the FEMM and TSFEM package using 

dedicated post processing functions based on relation (7). 
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Fig. 5  Computed phase magnetic flux linkage: line integral 1-2, 

surface integration 3-4 

 

 
Fig. 6  EMF derived from the numerical derivative of magnetic flux 

shown in plot 1 in figure 5 

 

 
Fig. 7  EMF derived from the numerical derivative of plot 2,3 and 4 

in figure 5 
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To fully apprehend the merit of each formulation, the induced phase voltages, which are 

obtained from the numerical derivatives of the computed magnetic flux linkage, are shown 

in figures 6 and 7. Corresponding flux linkage and induced phase voltage bears the same 

color. The computed phase voltage shown in figures 6 and 7 does not carry any similarities 

in terms of amplitude and signal waveform; The salient difference lies in the prediction of 

the slot harmonic voltages. In figure 6, the variation of the air gap permeance is tracked 

faithfully by the MVP distribution along the midair gap line while in figure 7 such a 

variation is lessened to a large extent by the averaging process of the MVP. 

 
6.2 Measurement Results 

 

 Two methods have been used to validate the simulations results. The first is based on the 

direct comparison of the calculated and measured phase and line voltage in the stator 

windings shown in figure 8, 9 and 10, 11. In each figure, the waveforms the original and the 

filtered signals are shown sides by sides in order to highlight the effect of the teeth 

harmonic voltages. In the present design, the order of the first dominant slot harmonics 

correspond to 17th and 19th. 

 
Fig. 8  Computed phase voltage before and after filtering 

 

 

 
 

Fig. 9  Measured phase voltage 
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Fig. 10  Computed line voltage before and after filtering 

 

 

 
 

Fig. 11  Measured line voltage 

 

The second is based on the reconstruction of the line voltage from the measured flux 

density distribution shown in figure 4. The fundamental is also shown to assess 

quantitatively the accuracy of the simulation results. It can be seen that both the simulation 

and the experimental results match each other closely. 

 

6.3 Proposed Method versus TSFEM 

      The time stepping fem method addresses the transient aspects of coupled magnetic field 

problems. In voltage fed coupled field-circuit problems, the governing equation, which 

deals with the FEM and the sources excitation models simultaneously [6], [12–15], is 

solved in terms of the magnetic vector potential. The current in the stator winding becomes 

an extra unknown while in the proposed method outlined above a stator current distribution 

is imposed. At no load, the air gap field is not disturbed by the armature reaction, therefore 

the magnetic flux linkage and the no load induced emf, computed either from the static or 

the transient solver must be identical. However, this is not the case according to the 

simulation results presented above. This is due to the effect of the averaging process 

embedded in the emf calculation using the transient solver. 
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Fig. 12  Line voltage reconstruction from the measured magnetic flux density 

 

 
 

Fig. 13  Comparison of the full load phase voltage extracted from the 

Static and TSFEM solvers 

 

 

 
 

Fig. 14  Measured full load phase voltage at unity power factor 
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7. Computational Effort 

      Using the procedure outlined in section 4.1, the governing field equation (1) is solved 

180 times to compute a full period of the magnetic flux linkage. Each run, on a Dual Core 

Pentium Processor cadenced at 2:20 GHz, requires 30 s. A total time of 90 minutes is 

therefore spent to obtain a period of the generated voltage. Using the TSFEM package, the 

time step of the transient solver has to be adjusted in such a way to achieve the same rotor 

angular displacement in both models. Furthermore, a minimum of two periods is required to 

the transient solution to reach its steady state. It turned out that 15 minutes duration is 

required to complete the job. In contrast, the computation time required by the current 

method, based on relations (20), (21) and (22) is merely the run time of one static finite 

element solution and the overhead time used to process the data with the Lua Scripting 

program. The whole task requires less than 2 minutes, which is 10-fold faster than reported 

in [16], [21]. 

 

 

8. Conclusion 

      A review of the emf computation techniques has been presented and compared in terms 

of accuracy and speed of computation. The difference between the proposed method and 

the TSFEM lies in the handling of the stator armature current. In the proposed method a 

time varying sinusoidal current source is used as input in the modeling procedure while in 

the TSFEM model a voltage source is used instead. As a result the induced currents within 

a coil side of the stator winding is derived from the gradient variation of the magnetic 

vector potential along this conductor. Therefore the armature induced currents are also 

affected by the averaging process of the MVP. It can be said that, as long as the imposed 

current does not bring about a strong demagnetizing effect, the proposed approach still 

provides a much more reliable solution. Therefore, a fast and accurate method, which 

circumvents further approximation of the numerical solution of the magneto static field 

problem, has been proposed and validated experimentally. Its main merit lies not only in its 

ability to preserve the intrinsic accuracy of FEM but also reduces the post processing time 

to a single run of the magneto static field problem, as far as emf computation is concerned. 
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