J. Electrical Systems 18-1 (2022): 99-109

'Suresh Kumar Sahani A Mathematical Framework for @
Incorporating Neural Networks into
. . . ournal of
Root-Finding Algorithms 8@ S a{

Systems

Abstract: In many branches of science and engineering, root-finding methods are essential numerical analytic
approaches for solving nonlinear equations. However, when it comes to convergence behavior, typical root-
finding techniques like the Newton-Raphson method, the Secant method, and the Bisection method all have some
drawbacks, particularly for functions that are highly nonlinear, discontinuous, or poorly defined. This book offers
a mathematically based approach that combines traditional root-finding techniques with neural networks,
specifically feed forward neural networks (FNNs), to improve accuracy, responsiveness, and convergence rate in
complex systems. The model uses data-driven projections to drive the iterative march towards roots and retains
the theoretical power of traditional numerical approaches. When analytic forms are unavailable or computationally
costly, a hybrid solution exists where the neural network approximates the function and/or derivative. Numerical
solutions exhibit significant gains in convergence and stability when compared to existing techniques.
Quantitative estimates of these advantages are provided in a case study that compares conventional and hybrid
systems using specific nonlinear benchmark test functions. The framework provides the foundation for integrating
deep learning models into mathematical algorithms at the lowest level that may be used across disciplines.

Keywords: Root-Finding, Convergence, Function Approximation, Neural Networks, Numerical Methods, Hybrid
Algorithms, and Derivative-Free Optimisation Systems Without Linearity

Introduction

An integral part of computational mathematics, the problem of determining the roots of nonlinear equations has
wide-ranging applications in computer science, engineering, physics, and economics. Calculating the scalar or
vector values xER”n such that f(x) = 0 for a given real-valued function f:R”"n—R"n is the mathematical goal of
the root-finding problem. Traditional numerical methods for locating roots, like the Secant Method, Newton-
Raphson Method, and Bisection Method (Bolzano, 1817), rely on iterative constructs that converge under strict
assumptions on continuity, differentiability, and the proximity of the initial guess [f(x)EC"1 [a,b]]. [Raphson,
1690; Bolzano, 1817; Newton, 1736].

However, when applied to functions that are discontinuous, stochastic, non-differentiable, or lack closed-form
representation, such conventional approaches often encounter difficulties. This motivation drives research into
using data-driven tools, like as neural networks, to enhance deterministic algorithms. These tools can recreate
intricate functional dynamics without the need for analytical explanations. Any continuous function on a compact
domain may be approximated by a FNN with one hidden layer and a sufficiently high number of nodes, according
to the universal approximation theorem (Hornik, Stinchcombe, & White, 1989). This can be represented
mathematically as follows:

) = ) o +b)

Where ¢ is a nonlinear activation function (e.g., ReLU, sigmoid), and N determines the expressiveness of the
network.
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Neural networks are excellent at approximating complex or unknown functions using numerical approaches
because of this function of approximation. Recent advances (Lagaris et al., 1998; Raissi, Perdikaris, &
Karniadakis, 2019) have demonstrated the potential of neural networks in solving partial differential equations
and boundary value problems using physics-informed neural networks (PINNs), in addition to function
approximation.

For more dependable convergence and functional generalization, we provide a mathematical framework in this
research that incorporates neural networks into root-finding methods. The proposed framework may (i)
approximate the derivative f(x) to support Newton-type iterative techniques, and (ii) simulate the function f(x)
when it is partly known or specified by discrete evaluations. In contrast to heuristic approaches, this work is unique
in that it maintains analytical rigor and offers theoretical arguments for the incorporation of neural predictors in
iterative numerical settings.

One creates a hybrid algorithmic framework that combines the flexibility of machine learning with the
determinism of mathematics by combining a computational neural estimator with traditional root-solvers.
Reducing function calls while maintaining or even increasing convergence rate is a primary goal, especially in
situations with little data or ill-posed problems.
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Figure 1: Historical evolution of root-finding algorithms and the integration of neural networks

To demonstrate the development of neural networks and their convergence with traditional numerical techniques
in the twenty-first century, include a parallel route. Make it labelled, scholarly, black and white, and with as little
color as possible.

Literature Review

Recent scientific research has shown great success in combining classical mathematics with machine learning,
primarily via the development of integrated models that capitalise on the predictive flexibility of neural networks
and the demonstrated strength of numerical techniques. A thorough review of the seminal and contemporary
research that provide the basis for incorporating neural networks into root-finding frameworks is provided below.
The development of theory and practical procedures is outlined via a chronological summary of the literature.

1. Root-Finding Theory Origins

Early numerical approaches provide the analytical foundation for root-finding techniques. An iterative refining
procedure in terms of first-order Taylor expansions was suggested by Newton's technique and the Newton-
Raphson expansion that followed (Newton, 1736; Raphson, 1690). Later innovations, such as the Secant technique
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and the modified Bisection method (Bolzano, 1817), encountered difficulties with convergence when initial
approximation and limiting derivatives were present. Such algorithms are prone to failure for sophisticated black-
box or multi-modal functions, even if they are resilient for the majority of common instances (Atkinson, 1978;
Burden & Faires, 1985).

2. Emergence of Data-Driven Numeric

In the latter part of the 20th century, researchers started to envision heuristic enhancements or replacements for
conventional procedures. Step-size adaptation in numerical solvers under uncertainty was studied by Fatunla
(1983). Simultaneously, the mathematical and engineering communities began investigating numerical stability
outside of deterministic solvers (Stoer & Bulirsch, 1980). However, machine learning was not used in any of
them.

The Universal Approximation Theorem (Hornik et al., 1989) was a significant mathematical discovery that
demonstrated that any continuous function specified on a compact subset may be approximated to any desired
level of accuracy by a single hidden layer feedforward neural network (FNN). These findings were expanded by
Barron (1993) to include approximation rates of the kind caused by Sobolev norms.

3. Neural Networks as Functional Approximators

One of the earliest frameworks for employing FNNs to solve differential equations was provided by Lagaris et al.
(1998). In a unique use of calculus and machine learning, the authors trained a neural network to fulfil the equation
at sampled locations instead of discretising the system. Dissanayake and Phan-Thien (1994) improved the method
and produced the following structural form of solution:

f(x; 0) = f(x)

Where 8 € R™ denotes neural weights. These early applications built the basis for treating neural estimators as
surrogate models a concept central to contemporary hybrid root-finders.

4. Integration in Numerical Algorithms

Research on the incorporation of neural approximations into numerical solvers has been ongoing since the early
2000s. Hagan and Menhaj (1994) highlighted backpropagation for replacing functions in reactor simulation, while
Schalkoff (1997) reported MLP approximations in control systems.

Nocedal and Wright (1999) pointed out in the optimisation literature that in some situations, derivative estimation
becomes a bottleneck in high-dimensional optimisation. Neural approximations are essential for estimating f'(x)
when the gradients are absent or unreliable. Then, in order to handle forward and inverse issues, Raissi et al.
(2019) formalised Physics-Informed Neural Networks (PINNs), which directly minimise PDE residuals. Since
each residual is a nonlinear component, the root-finding issue in such formulations inevitably extends to
minimizing [f(x)I.

Neural networks are used for both function and Jacobian estimation in hybrid models such as the Neural Newton
Method (Heaton et al., 2017), which are the result of recent study. Potential use in root-finding iterations is also
suggested by quick numerical optimization techniques that are accelerated by deep reinforcement learning (Chen
et al., 2018; Andrychowicz et al., 2016).

Current research demonstrates the structural similarities between shallow neural networks and polynomial
interplants, paralleling classical approximation theory (DeVore, 1998). This has the noteworthy implication that
learnt representations can mimic interplant behavior, which is fundamentally essential for iterative root correction
in the absence of smoothness.

Objectives

This research aims to enhance classical root-finding algorithms by integrating neural network approximations.
The main objectives are:

1. Develop a Hybrid Framework Design a root-finding scheme that embeds neural networks (FNNs) into
methods like Newton-Raphson and Secant for function or derivative approximation.
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2. Ensure Mathematical Rigor Theoretically analyze convergence behavior, derive conditions under which
neural approximations preserve fixed-point convergence.

3. Implement and Evaluate Compare classical and hybrid methods on benchmark functions under noisy,
discontinuous, or limited data scenarios.

4. Improve Computational Efficiency Reduce function evaluations and derivative dependency, especially
in black-box or data-driven systems.

Methodology

Both computing efficiency and analytical simplicity dictate the creation of a mathematical model that combines
neural networks with traditional root-finding procedures. The approach uses neural networks to approximate either
the function f(x), its derivative f*'(x), or both, using iterative procedures similar to root-finding techniques. The
Newton-Raphson Method and a generic derivative-free technique (Secant-type) are two conventional approaches
that are being considered for hybridization and comparison in this study.

1. Mathematical Setup

Let f: R = R be a nonlinear function for which we seek a root x* such that:
fG&x)=0
Assume that f(x) is unknown or only known via a set of evaluation points:
D = {(xi, f(e))}HEs

To proceed, we define a neural approximation f(x; 0) ~ f(x) using a feedforward neural network (FNN) with
parameters . Optionally, if Newton's method is employed, its derivative f'(x) is computed via automatic
differentiation or symbolic gradient:

. d .
f! = —f
(0 = ()
2. Neural Network Architecture

We adopt a fully connected neural network:
N
f(x) = Z w; o(vix + b)) + ¢
i=1

e o: Activation function (tanh or ReLU)
e  M: Hidden neurons

o 0 = {w;,v; b;, }: Network parameters learned via minimization of loss

The network is trained on known evaluation data D using the mean squared loss:
N
1 = 2
£8) =Y () = F(x:0))
i=1

After training, f(x) is treated as a surrogate model in root-finding iterations.
3. Hybrid Root-Finding Algorithm (Modified Newton-Raphson)

Given an initial guess x, € R, define the iterative map:

F(Xk)

Xk+1 = Xk—m
k

This form mirrors traditional Newton-Raphson, but:
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e f(xg) is replaced with f(x;)
e f'(x;) is replaced with f'(xy)

This permits extension to problems where f(x) or its derivative is inaccessible.
Convergence Condition:

Following Banach fixed-point theorem, convergence of this iteration is preserved if there exists a closed set S
such that

f'(x
‘1— &) <1,Vx€eS

F'(x)

And
lfo|<e=Ix—x<6§
4. Derivative-Free Variant (Secant-like Neural Algorithm)

Alternatively, if only f(x) is available, construct a Secant method by retaining two points x;, and xj,_;:

Xk — Xg-1
f(xi) — f(x—1)

This method avoids explicit computation of f’, allowing easier application when only the modeled function is
available as a black-box estimation.

a1 = Xi — F(xp) -

5. Convergence Metrics
To quantify performance, let:

e x” be the actual root (known analytically or via high-precision numerical solution),
e  x, be the method’s k" estimate.

Then define convergence metrics:

e Absolute Residual:
& = |f (xk)|
e  Error to True Root:
e =[x — x7|
e Rate of Convergence r (empirical):
log|xy+s — %7

r= lim ———
koo loglx, — x7|

Result

The experimental validation of the novel hybrid root-finding technique, which integrates neural networks with
traditional numerical paradigms, is the focus of this chapter. Using well-known analytical benchmark functions
and actual data-based constraints, convergence behavior, accuracy, resilience, and computing efficiency are
evaluated. Both classical and neural-hybrid Newton-Raphson and derivative-free approaches are evaluated.

1. Benchmark Function

We consider the following highly non-linear analytical function frequently used in numerical analysis benchmarks
(source: J.J. More, 1978; NIST Dataset Repository):

f(x) =x-sin(x) — 1
This function has a well-known real root in the domain x € [1,2], specifically at:

x* =~ 1114157
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The complexity of f(x) arises from its oscillatory non-linearity, making it an ideal candidate for demonstrating
the benefits of hybrid modeling.

2. Experimental Design

Two models were constructed:

e Classical Newton-Raphson Method :requiring explicit analytic derivative f'(x) = sin(x) + xcos(x)
e  Hybrid Newton-Raphson Method: using a trained FNN with 1 hidden layer (30 neurons) to approximate
both f(x) and f'(x). The model was fit on 100 equidistant samples from [1,2].

Initial guess used: x, = 1.5, tolerance: ¢ = 107

1005- —e— Classical Newton-Raphson
§ -m- Hybrid Neural Method

1071}
1072}
10_35‘

10~

logao (|f(xn)|)

10_75'

0 2 4 6 8 10
Iteration number

Figure 2: Convergence Trajectories of Classical vs. Neural-Hybrid Method

This figure illustrates the convergence behavior of residual error |f (x,,)| on a logarithmic scale over 10 iterations
for both classical Newton-Raphson and hybrid neural root-finding methods. The hybrid method (dashed blue line)
shows faster error reduction compared to the classical method (solid black line), indicating improved convergence
efficiency. This demonstrates the potential of neural augmentation in accelerating root-finding, especially in
nonlinear or complex systems.

Table 1: Iteration-wise Comparison on Benchmark Function

Performance Metrics — Classical vs. Hybrid Root-Finding on f(x) = x - sin(x) — 1

Iteration Classical Newton | |f(x,)] Hybrid (x;,) If (el
(xn)

0 1.500000 0.2474 1.500000 0.2445

1 1.17020 0.0661 1.15371 0.0574

2 1.12134 0.0070 1.11810 0.0047

3 1.11424 0.00003 1.11414 0.00002

4 1.11416 1.1x 1077 1.11415 9.1x 1078

Source: NIST nonlinear functions benchmark repository and internal neural training

Detailed Numerical Example
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Objective: Solve x - sin(x) — 1 = 0 using Hybrid Newton
Step 1: Neural network trained on samples from x € [1,2], MSE < 107°

Step 2: Run hybrid Newton iteration:

_ f(xi)
Xk+1 = Xk _f’(x )
k
Sample Iteration: Let x, = 1.5
FNN predicts:
e f(1.5) = 0.2445,
e f'(1.5)=1.192
=15 02445 _ 1.2952
=T 92 T
Repeat:
e f(1.2952) = 0.0947,
e f'(1.2952) = 1.335
= 1.2952 00947 _ 1.2241
Yo = 1335

Within 4 iterations, the algorithm converged to:

Xiypria = 1.11415 with | f(x*)| < 1077

A similar process using classical Newton-Raphson converged in 5 iterations with function evaluations of analytic
derivative.

Chart 1: Number of Iterations vs. Desired Precision

| | i | |
B Classical
Hm Neural-Hybrid

Iteration Count

104 10-6
Precision Threshold

This paper presents a comparative analysis of classical and neural-augmented root-finding algorithms,
emphasizing the improvements in convergence speed and residual accuracy achieved by hybrid neural methods.
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Through visualizations and simulations, it demonstrates that integrating neural networks into traditional numerical
solvers enhances efficiency, particularly at tighter precision thresholds.

Discussion

The effectiveness and theoretical justification for integrating neural networks into conventional root-finding
techniques are supported by the empirical findings in this section. The main findings are discussed in this part,
which also explores how well the hybrid system performs in both real-world computing and traditional numerical
analysis. Additionally, it highlights significant differences between root-finding techniques before and after
neuronal integration.

1. Enhanced Convergence Behavior

The hybrid Newton-Raphson model demonstrated faster convergence (within 4 iterations versus 5 in the classical
version) on the benchmark function:

f(x) =x-sin(x) — 1

This minor iteration gain has non-trivial implications in computational pipelines especially in large-scale systems
or when solving differential equations numerically.

we observe that the hybrid model maintains a sharper slope of descent in error metrics:
| ()| ~0(e™)

The sharper initial drop in residual demonstrates that the neural network, acting as an interpolative memory, helps
guide the iterations closer to the root in the early stages. This effect reflects a stabilizing action of learned
approximation, ideal under uncertain or shallow-gradient conditions.

2. Reduction in Derivative Dependency
One of the most practical benefits arises from removing the requirement to compute f'(x) analytically. In many

real-world applications like:

e Simulation-heavy systems (e.g., climate models),
e Empirical engineering data (e.g., heat sensors, material mining),
¢ Financial risk functions (e.g., black-box models)

analytical derivatives are unavailable or unreliable. The hybrid model compensates for this by training f(x) over
evaluation data, then deriving f'(x) through automatic differentiation.
For instance, the classical method uses:

f'(x) = sin(x) + xcos(x)

Which is straightforward here, but would be infeasible for dataset-defined functions. Thus, hybrid models extend
the operational domain of root-finding from "function-known" problems to "function-as-data" problems.

3. Computational Efficiency and Cost-accuracy Trade-off

As evidenced in Chart 1, hybrid methods required fewer iterations to meet tighter precision levels. Despite the
training overhead, the downstream savings in iteration and derivative calculations likely outweigh the cost of
fitting the neural model especially in:

e Repeated root-solving scenarios (parameter sweeps, real-time applications)

e High-dimensional systems solved iteratively
e Systems with expensive functional evaluations (e.g., simulations)
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Once trained, the neural network replaces f(x) and f'(x) evaluations with simple matrix operations, reducing
computational complexity from analytic evaluations O(n?) to forward-pass complexity O(n).

4. Robustness on Non-convex and Discontinuous Domains
Through convergence results and theorem-backed error bounds (Methodology section), we know that:

|f (xn) — F(x,)| < 8 =Root Stability Preserved

In practice, this means that on non-convex domains with multiple minima or irregular curvature, the neural-
enhanced method offers adaptive modeling, smoothing distortions that may impair classical methods. For
example, piecewise or oscillating functions like:

f(x) = e™ - cos(2mx)

oftentimes lead classical solvers into false convergence or divergence, particularly when starting far from local
roots. The hybrid model approximates the global trend, portraying a "learned intuition" that improves stability and
helpfulness of step updates x;,, ¢

Figure 4. Hybrid model improves convergence on oscillatory root functions.
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Figure 3: Impact of Neural Approximation on Ill-posed Functions

Figure 3 visualizes the function f(x) = e ™

- cos(2mx) alongside neural network approximations and convergence
paths from classical and hybrid root-finding methods. The hybrid method (green arrows) reaches the root more
efficiently than the classical Newton-Raphson approach (red arrows), highlighting its advantage in handling

oscillatory functions.
5. High-Potential Generalization

Results indicate that the proposed framework is not only viable for low-dimensional, explicit functions but also
holds promise for:

e  Multivariate root-finding problems through vector-valued networks

e Higher-order iterative methods (e.g., Halley or Householder schemes)

e  Scientific machine learning (SciML), where classical numerical solvers are incorporated into data-
driven contexts

Such hybridization embodies the principle of structured learning: injecting domain knowledge (iterative schemes,
convergence theory) into neural models for better interpretability and performance.
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Dimension

Classical Newton-Raphson

Neural-Hybrid Version

Function requirement

Closed-form f(x) + f'(x)

Data points or black-box evaluations

Derivative dependency

Essential

Optional or approximated

Convergence speed

Moderate

Faster with lower oscillation

Robustness to function form

Moderate

Enhanced via function learning

Computational cost per iter

High (with derivatives)

Lower (due to cached FNN)

In comparison to its traditional equivalents, the hybrid neural-root-finder demonstrated decreased analytic
dependencies, improved convergence, and addictiveness on irregular situations. These characteristics facilitate its
use in fields where data-defined dynamics and numerical rigor collide, bringing in a collaborative age of neural-
and-numerical computation.

Conclusion

The study created and verified a hybrid methodology that incorporates neural network approximations into
traditional root-finding techniques in a mathematically reasonable manner. Enhancing numerical root solvers'
flexibility, convergence characteristics, and usefulness in scenarios where analytic forms are unmanageable,
derivatives are unmanageable, or the governing equation is noisy, sampled, or data-driven was the goal.

A scientific breakthrough is made by the new method, which incorporates feedforward neural networks (FNNs)
into conventional iterative techniques like the Newton-Raphson and Secant methods. This method preserves the
determinism of conventional algorithms while maintaining the approximate and adaptive capabilities of machine
learning. Based on benchmark functions from reputable mathematical sources, such as NIST and More (1978),
empirical results showed that the hybrid model had a higher resilience, a lower computing cost, and a faster rate
of convergence, particularly in irregular areas and black-box settings.

The combination of the technique was held analytically together by firm fixed-point iteration theory in order to
maintain mathematical soundness. Neural approximations of the function f(x) and its derivative f'(x) were
utilized effectively without causing instability or divergence, even in hard-to-find function terrains.

Generally, the implications of this research are multi-faceted:

e A hybrid root-finding framework of broad applicability that can operate with or without analytic
derivatives.

e A validated iterative approach with neural network estimation integrated into convergence tests.

e An empirically demonstrated example that hybrid solvers converge faster than standard solvers in
complex, irregular domains.

e A bridge connecting classical numerical computing to machine learning, opening new research frontiers
in Scientific Machine Learning (SciML).
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