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Abstract: - The proposed work consists in a significant contribution to the field of motion planning and control of autonomous electric 

vehicles. Sinusoidal and S-curve speed profiles are developed and discussed to enable smooth transitions while minimizing jerks that 

could affect vehicle stability and passenger comfort. These assessments build a foundation for longitudinal control. A conventional 

PID controller is first implemented to achieve basic speed tracking performance. While it performs adequately, it demonstrates notable 

limitations. To enhance this latter, the PID gains are optimized using a metaheuristic optimization technique based on Genetic 

Algorithms (GA). This approach automatically tunes the controller parameters, resulting in improved dynamic response and reduced 

tracking errors. However, due to their fixed-parameter structure, both classical and optimized PID controllers encounter difficulties in 

adapting to system variations. To overcome these challenges, Lyapunov-based Model Reference Adaptive Control (MRAC) 

mechanism is cautiously designed to dynamically adjust the system parameters, compensating for the uncertainties, disturbances, and 

non-linearities under which real vehicles inherently operate under. Simulation results are finally conducted to validate the proposed 

control system. 
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I. INTRODUCTION 

Electric Autonomous vehicles (EAVs) are a significant research focus within the automotive field, holding a 

promise to enhance road safety, improve traffic efficiency, and offer human comfort [1]. Considerable research has 

been conducted and evolved from the early successful implementations in the 1980s by the pioneer institutions in 

autonomous vehicle, Carnegie Mellon University to the present day, addressing a wide array of topics, such as 

vehicle dynamics, energy efficiency, sensor integration, control systems, system reliability [2],[3] and Motion 

planning. In particular, speed profiling is one of the most important modules in Motion planning [4]. Many scholars 

have carried out related research in response to the above subject. This paper proposes a contribution in addition 

to the significant advancements in this field, introducing the S-curve and Sinusoidal profiles [5]. Firstly, an 

algorithm is built for the profile calculation following the constraints of comfort and road standards. Next, a 

comparative study is conducted to select an optimal speed profile that ensures safety, efficiency, and passenger 

comfort. In order to achieve the above selection, a traditional PID longitudinal control system is initially 

established. To further enhance performance, this Latter is optimized using Genetic Algorithm (GA) based 

metaheuristic tuning methods [6]. Genetic Algorithms provide global search capabilities, making them a powerful 

tool for optimizing PID controller gains by searching for the combination that yields the best system performance 

according to a predefined objective function, the Integral of Squared Error in this case. However, the system 

remains vulnerable to variations and external uncertainties, conditions under which both classical and optimized 

PID controllers struggle due to their fixed-parameter configuration. Model Reference Adaptive Control approach 

is subsequently introduced, to establish a robust theoretical foundation using Lyapunov’s method to ensure the 

stability of the closed-loop system [7]. This study aims to highlight that PID controller’s fixed configuration makes 

them limited in the presence of parameter variations and system uncertainties, despite the improvements provided 

by the advanced metaheuristic optimization methods. In such cases, adaptive control methods, particularly those 
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based on Lyapunov stability theory, continue to provide superior robustness and consistent performance, 

reaffirming their relevance for systems with dynamic characteristics. The configuration of this paper is arranged as 

follows. The vehicle model is presented in section 2. Section 3 discusses S-curve and Sinusoidal profiles. In section 

4, the PID controller design is introduced followed by the GA optimization method. The proposed longitudinal 

MRAC is detailed in section 5. Finally, simulation results for the performed tests are given to validate the proposed 

methods. MATLAB is used for modelling and simulation. 

II. VEHICLE MODELLING 

The kinematic bicycle model is used for modelling the motion of the vehicle, where both front and rear wheels 

are lumped into one wheel located at the center of the vehicle’s rear axis as shown in Fig1 [8], this study assumes 

negligible side slip and front-wheel-only steering control. 

 

 
Fig1  Kinematic bicycle model 

 

The nonlinear simplified model is as follows [9]: 

𝑥̇ = 𝑣 cos 𝜃  (1) 

𝑦̇ = 𝑣 sin 𝜃  (2) 
𝜃̇ =

𝑣 tan 𝛿

𝐿
 (3) 

Where x and y represent the vehicle’s position, 𝑣 is the longitudinal velocity, δ is the steering angle, L is the 

 wheelbase and θ is the yaw angle. The model’s diagram in Simulink is given below in Fig2. 

 

Fig2  Kinematic bicycle model’s representation Diagram 

 

III. SPEED PROFILING 

In this section, a comparative study between the S-curve profile, including all its variations, and the sinusoidal 

profile is led, aiming for the most optimized and suited speed in terms of time efficiency, comfort and safety, using 

equations developed by [5].   

A. S–Curve Profile 

The function used for this part is a piecewise construct that generalizes all types of S-curve family of profiles. For the 

generalization, a dimensionless parameter is introduced, denoted γ, varying from 0 to 1, enabling the profile selection. The 

initialization sequence is given below in Table 1. 
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Table 1  Parameters initialization for the S-curve profile 

Parameter Symbol Initialization Formula 

Midpoint position 𝑄𝑠 𝑄𝑠 =
𝐷

2
 

Auxiliary position 𝑄𝑎𝑢𝑥  
𝑄𝑎𝑢𝑥 =

(1 + 𝛾) 

2
∙ (
𝑉𝑚

2

𝐴𝑚
) 

Adjusted position 𝑄𝑎 
𝑄𝑎 = {

𝑄𝑠  , 𝑄𝑠 ≤ 𝑄𝑎𝑢𝑥
𝑄𝑎𝑢𝑥  , 𝑄𝑠 > 𝑄𝑎𝑢𝑥

 

Effective velocity 𝑉𝑤 

𝑉𝑤 = {
√

𝑄𝑠 . 𝐴𝑚
1
2⁄ (1 + 𝛾)

 , 𝑄𝑠 ≤ 𝑄𝑎𝑢𝑥

𝑉𝑚  , 𝑄𝑠 > 𝑄𝑎𝑢𝑥

 

Auxiliary constant 𝑇𝑜 
𝑇𝑜 =

𝑉𝑚
𝐴𝑚

 

Transition time 𝑇𝑎 𝑇𝑎 = 𝑇𝑜 ∙ (1 + 𝛾) 
Intermediate time 𝑇𝑚 

𝑇𝑚 =
𝑇𝑎
2

 

Time constant 𝜏 𝜏 = 𝛾 ∙ 𝑇𝑜 

Constant velocity period 𝑇𝑘 
𝑇𝑘 = 2 ∙

𝑄𝑠 − 𝑄𝑎
𝑉𝑚

 

Midpoint time 𝑇𝑠 𝑇𝑠 = 𝑇𝑎 +
𝑇𝑘
2

 

Total time 𝑇𝑡 𝑇𝑡 = 2 ∙ 𝑇𝑠  

 

The key parameters are: 𝑉𝑚  the maximum speed,  𝐴𝑚 the maximum acceleration and 𝐷 the total travelled distance.The position 

𝑞(𝑡), speed 𝑣(𝑡) and acceleration 𝑎(𝑡) are defined as: 

 

𝑞(𝑡) =

{
 
 
 

 
 
 

0  , 𝑡 ≤ 0 

(
1

2
∙
𝑉𝑤
𝑇𝑜
) ∙ (

𝑡3

3 ∙ 𝜏
) ,       0 < 𝑡 < 𝜏

(
1

2
∙
𝑉𝑤
𝑇𝑜
) ∙ [(𝑡 −

𝜏

2
)
2

+
𝜏2

12
] ,    𝜏 < 𝑡 ≤ 𝑇𝑜     

𝑄𝑠 + 𝑉𝑤 ∙ (𝑡 − 𝑇𝑠) + 𝑞(𝑇𝑎 − 𝑡), 𝜏 < 𝑡 ≤ 𝑇𝑜
𝑄𝑓 − 𝑞(𝑇𝑡 − 𝑡),                   𝑇𝑠 < 𝑡 

 (4) 

 

𝑣(𝑡) =

{
 
 
 

 
 
 

0  , 𝑡 ≤ 0 

(
𝐴𝑚
2
) ∙ (

𝑡2

𝜏
) ,       0 < 𝑡 < 𝜏

(
𝐴𝑚
2
) ∙ (2 ∙ 𝑡 − 𝜏),    𝜏 < 𝑡 ≤ 𝑇𝑜

𝑉𝑤 − 𝑣(𝑇𝑎 − 𝑡)   , 𝑇𝑚 < 𝑡 ≤ 𝑇𝑠
𝑣(𝑇𝑡 − 𝑡),                   𝑇𝑠 < 𝑡

 (5) 

 

𝑎(𝑡) =

{
 
 

 
 

0  ,                 𝑡 ≤ 0 

(
𝐴𝑚
𝜏
) ∙ 𝑡,       0 < 𝑡 < 𝜏

𝐴𝑚 ,                   𝜏 < 𝑡 ≤ 𝑇𝑜
𝑎(𝑇𝑎 − 𝑡), 𝑇𝑚 < 𝑡 ≤ 𝑇𝑠
−𝑎(𝑇𝑡 − 𝑡),                   𝑇𝑠 < 𝑡

 (6) 

 

The derived Jerk (change in acceleration) is as follows: 
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𝑗(𝑡) =

{
 
 

 
 

0  ,                 𝑡 ≤ 0 
𝐽𝑚 ,       0 < 𝑡 < 𝜏

0,                   𝜏 < 𝑡 ≤ 𝑇𝑜
−𝑗(𝑇𝑎 − 𝑡), 𝑇𝑚 < 𝑡 ≤ 𝑇𝑠
𝑗(𝑇𝑡 − 𝑡),                   𝑇𝑠 < 𝑡

 (7) 

 

Where 𝐽𝑚 is the jerk limit, an optimized value that ensures comfort and smooth changes in acceleration. 

A simulation is conducted to evaluate the performance of the S-curve profile for different values of 𝛾, over a road segment of length D=2km 

where the speed limit is set to 28.8 km/h (8m/s), suitable for urban environments as per the standard ISO 22737. The chosen range for the 

acceleration limit based on ISO 2631, is 0.315 to 0.63 (m/s2) (a little uncomfortable). Considering urban travel whilst maintaining safety, 

smooth driving and passenger comfort is set at 0.4 (m/s2). Error! Reference source not found. presents the S-curve profiles for 

position, speed, acceleration, and jerk. The plots are segmented according to 𝛾 intervals.  For 𝛾 = 0, the results present a 3-segment 

profile also known as the trapezoidal profile, where the velocity increases linearly until it reaches the maximum value 𝑉𝑤 = 8𝑚/𝑠  

that remains constant for 𝑇𝑘 = 229,6𝑠  and then decreases linearly to zero. Meanwhile the acceleration plot remains constant in the 

acceleration and deceleration phases and null in between, these instantaneous changes, leading to an infinite jerk. Furthermore, the position 

plot confirms that as  𝛾 decreases, the travel time decreases offering a fast response. For 0 < 𝛾 ≤ 1 ,  a 7-segment profile (S-curve 

profile) is introduced. The acceleration slope is reduced from being a vertical line, which results in a finite jerk leading to a smooth 

velocity curve with no sharp corners. From Error! Reference source not found. it is easy to notice that as 𝛾 increases, jerk value 

decreases which leads to smoother transitions. 

 

 

Table 2  Comparative table for S-curve parameters 

𝛾 0.25 0.5 0.75 1 

𝐽𝑚  (𝑚/𝑠
2) 0.08 0.04 0.0267 0.02 

𝑇𝑎(s) 25 30 35 40 

𝑇𝑡(s) 275 280 285 290 

 

Fig3  S-curve profiles 



J. Electrical Systems 21-1 (2025): 283-298 

 

287 

In summary, although the trapezoidal profile is simple and fast, its sudden changes, abrupt transitions, and high jerk make it 

unsuitable for ensuring safe and comfortable motion. Therefore, S-curve profiles with higher smoothness are more suitable for 

autonomous vehicles. 

B. Sinusoidal Profile 

The initialization sequence for this profile is given in Table 3. 𝑄𝑠, 𝑄𝑎, 𝑇𝑜, 𝑇𝑘 , 𝑇𝑠 and  𝑇𝑡   remain unchanged from Table 1.  
 

Table 3   Parameters initialization for the Sinusoidal Profile 

Parameter Initialization 

Auxiliary position 𝑄𝑎𝑢𝑥 
𝑄𝑎𝑢𝑥 = (

𝑉𝑚
2

𝐴𝑚
) 

Effective Velocity 𝑉𝑤 
𝑉𝑤 = {√

𝑄𝑠  . 𝐴𝑚  , 𝑄𝑠 ≤ 𝑄𝑎𝑢𝑥
𝑉𝑚  , 𝑄𝑠 > 𝑄𝑎𝑢𝑥

 

Transition time 𝑇𝑎 𝑇𝑎 = 2 ∙ 𝑇𝑜 

Angular frequency 𝜔 
𝜔 =

2𝜋

𝑇𝑎
 

Scaling constant 𝐾𝑠 𝐾𝑠 =
𝑇𝑎 ∙ 𝑉𝑤
4𝜋2

 

 

The position 𝑞(𝑡), speed 𝑣(𝑡) and acceleration 𝑎(𝑡) are given by:  

 

𝑞(𝑡) =

{
 
 

 
 

0  , 𝑡 ≤ 0 
𝐴𝑚
4
∙ 𝑡2 + 𝐾𝑠 ∙ (𝑐𝑜𝑠(𝜔 ∙ 𝑡) − 1),       0 < 𝑡 ≤ 𝑇𝑎

𝑄𝑠 + 𝑉𝑤 ∙ (𝑡 − 𝑇𝑠),                         𝑇𝑎 < 𝑡 ≤  𝑇𝑠
𝐷 − 𝑞(𝑇𝑡 − 𝑡),          𝑡 >   𝑇𝑠  

 (8) 

 

𝑣(𝑡) = {

0  , 𝑡 ≤ 0 
𝐾𝑠 ∙ 𝜔 ∙ (𝜔 ∙ 𝑡 − si n(𝜔. 𝑡)),       0 < 𝑡 ≤ 𝑇𝑎

𝑉𝑤                      𝑇𝑎 < 𝑡 ≤  𝑇𝑠
𝑣(𝑇𝑡 − 𝑡),          𝑡 >   𝑇𝑠  

 (9) 

 

𝑎(𝑡) =

{
 
 

 
 

0,                                         𝑡 ≤ 0 
𝐴𝑚
2
∙ (1 − cos(𝜔. 𝑡)),       0 < 𝑡 ≤ 𝑇𝑎

0,                                     𝑇𝑎 < 𝑡 ≤  𝑇𝑠
−𝑎(𝑇𝑡 − 𝑡),                          𝑡 >   𝑇𝑠  

 (10) 

 

The jerk is similarly obtained: 

𝑗(𝑡) =

{
 
 

 
 
0,                                            𝑡 ≤ 0 
𝐴𝑚
2
∙ (𝜔 ∙ sin(𝜔. 𝑡)),      0 < 𝑡 ≤ 𝑇𝑎

0,                                   𝑇𝑎 < 𝑡 ≤  𝑇𝑠
𝑗(𝑇𝑡 − 𝑡),                                  𝑡 >   𝑇𝑠  

 (11) 

 

 

Fig4 shows the results of a comparative study between sinusoidal profile and S-curve profile with 𝛾 = 0.5, keeping the previous 

scenario with 𝐷 = 2𝑘𝑚, 𝑉𝑚 = 8𝑚/𝑠 and  𝐴𝑚 = 0.4 𝑚/𝑠2. It is observed that the velocity response for both methods offer smooth 

transitions. However, the total transition time for the S-curve profile is at 𝑇𝑎 = 30𝑠 , while the total transition time for the sinusoidal 

profile is  𝑇𝑎 = 40𝑠, causing a slower response. The S-curve acceleration profile changes linearly, taking a trapezoidal form. Moreover, 

the jerk experiences abrupt changes that cause minor discontinuities whereas the sinusoidal profile maintains a continuous jerk with 

minimal harmonic content. 
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Overall, the S-curve profile offers a good balance between smoothness and computational efficiency despite the slightly reduced comfort 

caused by the jerk’s discontinuities. In contrast, the Sinusoidal profile allows for the smoothest transitions in both acceleration and jerk, 

resulting in the most refined motion profile; However, it requires more computational power.  

 
Fig1  Sinusoidal and S-curve profiles 

IV. CONTROLLER DESIGN 

A. Longitudinal control  

For the velocity control, the actuator used is a DC motor, described by (12-15) given below [10]. 

𝑉 = 𝑅𝑎 ∙ 𝑖𝑎 + 𝑒 + 𝐿𝑎 ∙
𝑑𝑖𝑎
𝑑𝑡
 (12) 

𝑒 = 𝑘 ∙ Ω (13) 

𝐽 ∙
𝑑Ω

𝑑𝑡
= 𝑇𝑒𝑚 − 𝑓 ∙ Ω − 𝑇𝐿 (14) 

𝑇𝑒𝑚 = 𝑘𝑒𝑚 ∙ 𝑖𝑎  (15) 

 

Where 𝑉  is the input voltage,  𝑒  the back electromotive force (EMF),  𝑖𝑎   the current in the motor winding,  𝑇𝑒𝑚  ,  the 

electromagnetic torque; and Ω is the angular velocity. The parameters are chosen, based on a similarity with Tesla model S of torque 

𝑇𝐿 = 430𝑁𝑚, taken from [11]- See Table 4 below. 

Table 4  DC Motor Parameters 

Parameter value 

Armature resistance 𝑅𝑎 0.193 Ω 

Armature inductance 𝐿𝑎 0.00383 𝐻 

Back EMF constant 𝑘  2.332232 𝑉 ∙ 𝑠 
Torque constant  𝑘𝑒𝑚 2.1717 𝑁 ∙ 𝑚/𝐴 

Moment of inertia 𝐽 0.6  𝑘𝑔 ∙ 𝑚2 

Coefficient of friction 𝑓 2.632177  𝑁 ∙ 𝑚 ∙ 𝑠 

 
A PID controller is used for the velocity control system, where the following gain terms are adjusted through trial and error to 

achieve a suitable response: 𝑲𝒑 = 𝟏𝟗, 𝑲𝒊 = 𝟏𝟎𝟎,𝑲𝑫 = 𝟎. 𝟓. 

Fig5 illustrates the speed response of the PID control system. The speed reference in this case is the previously discussed sinusoidal 

velocity profile. It is observed that the suggested controller shows a good stability and tracking performance. However, a noticeable 

delay is present which can significantly affect the performance, safety, and efficiency of an autonomous vehicle. 
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Fig5   Simulation result for the speed control system 

 

B. Genetic Algorithm based PID Optimization  

In order to address the observed delay in the previous section, a Genetic Algorithm is employed to optimize the PID gains. 

GA is an evolutionary metaheuristic algorithm grounded in population dynamics and inspired by the concepts of natural selection 

and evolutionary processes. It progressively improves potential solutions through selection, crossover, and mutation, ultimately 

converging on optimal parameters [12]. The code implemented in this study returns the optimal PID gains that minimize a cost 

function. It evolves a population of 100 solutions over 50 generations, applying crossover (80%) and adaptive feasible mutation. 

The ISE (Integral of Squared Error) criterion is selected as the objective function. This choice prioritizes reducing tracking errors 

while minimizing the effect of delays. The operational flowchart of the genetic algorithm utilized in this study is depicted in Fig6. 

 

𝐼𝑆𝐸 =  ∫ 𝑒2(𝑡)𝑑𝑡 (16) 

 
Fig6   Genetic algorithm PID tuning flowchart 

 

 

Table 5 presents the statistical indices of the algorithm’s outcome during the tuning process. The algorithm demonstrates consistent 

convergence, with the best fitness value improving rapidly in the early generations from 13 onward. The resulting  PID parameters: 
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𝑲𝒑  =  𝟏𝟗. 𝟗𝟓𝟗𝟓,𝑲𝒊 =  𝟒𝟗𝟗. 𝟗𝟗𝟗𝟗, 𝑎𝑛𝑑 𝑲𝒅  =  𝟎. 𝟏𝟏𝟓𝟖, with a minimum fitness value of 0.001777. The gradual reduction in 

the mean fitness values alongside the stagnation in the best fitness value in later generations indicates the population's convergence 

towards an optimal region. The increasing stall count also suggests that the GA was reaching a state of exploration-exploitation 

balance, stabilizing around a high-quality solution.  

 
Table 5   Progress of the Genetic Algorithm. 

Generation Func-count Best f(x) Mean f(x) Stall Generations 

1 200 0.001784 1.422 0 

2 295 0.001784 0.01696 0 

3 390 0.001784 0.005337 1 

4 485 0.00178 0.004413 0 

5 580 0.00178 0.002221 1 

6 675 0.00178 0.002059 0 

7 770 0.00178 0.001975 1 

8 865 0.00178 0.001789 2 

9 960 0.001779 0.001784 0 

10 1055 0.001779 0.001782 0 

11 1150 0.001779 0.001781 1 

12 1245 0.001779 0.00178 2 

13 1340 0.001778 0.001779 0 

14 1435 0.001778 0.001779 0 

15 1530 0.001778 0.001779 0 

16 1625 0.001778 0.001779 1 

17 1720 0.001778 0.001779 2 

18 1815 0.001778 0.001778 0 

19 1910 0.001778 0.001778 0 

20 2005 0.001778 0.001779 1 

21 2100 0.001778 0.001779 2 

22 2195 0.001778 0.001778 3 

23 2290 0.001777 0.001778 0 

24 2385 0.001777 0.001778 0 

25 2480 0.001777 0.001778 1 

26 2575 0.001777 0.001778 0 

27 2670 0.001777 0.001778 1 

28 2765 0.001777 0.001778 2 

29 2860 0.001777 0.001778 0 

30 2955 0.001777 0.001778 0 

31 3050 0.001777 0.001778 1 

32 3145 0.001777 0.001778 2 

33 3240 0.001777 0.001778 3 

34 3335 0.001777 0.001778 0 

35 3430 0.001777 0.001778 0 

36 3525 0.001777 0.001778 0 

37 3620 0.001777 0.001778 1 

38 3715 0.001777 0.001778 2 

39 3810 0.001777 0.001778 3 

40 3905 0.001777 0.001777 0 

41 4000 0.001777 0.001778 1 

42 4095 0.001777 0.001777 0 

43 4190 0.001777 0.001777 0 

44 4285 0.001777 0.001777 1 

45 4380 0.001777 0.001777 2 

46 4475 0.001777 0.001777 3 

47 4570 0.001777 0.001777 0 

48 4665 0.001777 0.001777 1 

49 4760 0.001777 0.001777 2 

50 4855 0.001777 0.001777 0 

Fig7 illustrates the speed response of the control system under: a conventionally tuned PID controller and a Genetic Algorithm 

(GA)-tuned PID. Both simulations were conducted under identical conditions. The primary observation is the elimination of the 
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delay that was previously discussed in the earlier section. demonstrating a faster system reaction by the speed response of the GA 

tuned PID. To further validate these findings, Fig8 depicts the speed error trajectories for both controllers. The overshoot observed 

in the conventional PID response is 0.04, indicating that the system initially exceeded the setpoint by 4%. After applying the GA-

based optimization, the overshoot is reduced to 0.0075, corresponding to a reduction in overshoot of 81.25%. This substantial 

improvement demonstrates the ability of the GA to fine-tune the PID parameters, significantly enhancing system stability and 

reducing transient errors. 

 
 

Fig7   Speed response 

 
Fig8   Speed Error plot 

V. LYAPUNOV-BASED MODEL REFERENCE ADAPTIVE CONTROL 

After the evaluation of the performance enhancements achieved through Genetic Algorithm-based PID tuning, it is 

important to consider dynamics uncertainties. In such cases, fixed-parameter controllers may not provide. Which leads to the 

exploration of Lyapunov-based MRAC, a commonly employed control strategy enabling a system to follow a desired reference 

model despite uncertainties and variations. It uses Lyapunov's stability theory to construct the adjustment mechanism [13],[14],[15].  

Considering the main system with the output denoted by 𝑦 and the reference model with the output denoted by 𝑦𝑐 as described by 

(17) and (18) respectively, where 𝑎𝑖(𝑡) and 𝐾𝑠(𝑡) are time-varying coefficients, 𝑏𝑗 and 𝐾𝑚 are the model’s constant coefficients and 

𝑦𝑐  is the desired input. 

𝑦(𝑁) +∑ 𝑎𝑖(𝑡)𝑦
(𝑖)

𝑁−1

𝑖=0

= 𝐾𝑠(𝑡)𝑦𝑐(𝑡) (17) 

𝑦𝑚
(𝑁) +∑𝑏𝑗𝑦𝑚

(𝑗)

𝑁−1

𝑗=0

= 𝐾𝑚𝑦𝑐(𝑡) (18) 

The tracking error is defined as follows: 
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𝑒(𝑖) = 𝑦𝑚
(𝑖) − 𝑦(𝑖) (19) 

 

To achieve zero error, the parameters are adjusted within a time interval  𝑡 ∈ [𝑡𝑛, 𝑡𝑛 + 𝑇𝑛] according to the following criteria: 

𝑘𝑠(𝑡) = 𝑘𝑎(𝑡)𝑘0(𝑡) = 𝑘𝑎(𝑡)𝑘0(𝑇𝑛)

𝑎𝑖(𝑡) = 𝑎𝑖(𝑇𝑛) + 𝑘0(𝑇𝑛)𝑐𝑖(𝑡)
 (20) 

 

𝑘𝑎(𝑡) is the controller gain, 𝑘0(𝑡)  and 𝑐𝑖(𝑡) are adjusted parameters. 

By defining the adjustable parameters denoted 𝛾𝑖  as follows: 

𝛾𝑛+1 = 𝑘𝑚 − 𝑘𝑎(𝑡)𝑘0(𝑇𝑘)

𝛾𝑛 = 𝑏𝑛−1 − [𝑎𝑛−1(𝑇𝑘) + 𝑘0(𝑇𝑘)𝑐𝑛−1]
… … …
𝛾1 = 𝑏0 − [𝑎0(𝑇𝑘) + 𝑘0(𝑇𝑘)𝑐0]

 (21) 

The control law can be written in the following way:  

𝑢0(𝑡) = 𝛾𝑛+1𝑦𝑐(𝑡) − 𝛾𝑛𝑦
(𝑛−1) − 𝛾𝑛−1𝑦

(𝑛−2)

−⋯− 𝛾1𝑦 (22)
 

Given: 𝑒(𝑖) = 𝑥𝑖+1 , a system of equations is obtained, see (23). The condensed form of the latter is given in (24). 

𝑥
.

1 = 𝑥2,

𝑥
.

2 = 𝑥3,
… ∶ ∶
𝑥
.

𝑛−1 = 𝑥𝑛 ,

𝑥
.

𝑛 = −𝑏0𝑥1 − 𝑏1𝑥2 −⋯− 𝑏𝑛−1𝑥𝑛 + 𝑢0(𝑡);

(23) 

𝑥
.
= 𝐴𝑥 + 𝑢 (24) 

Where:  

𝐴 =

[
 
 
 
 
0 1 0 … 0
0 0 1 … 0
… … … … 0
⋮ … … … 1

−𝑏0 −𝑏1 −𝑏2 … −𝑏𝑛−1]
 
 
 
 

; 𝑢 = [

0
0
⋮
𝑢0

] (25) 

The positive-definite Lyapunov function in (26) is chosen based on the concept of energy that satisfies the negative (semi-) 

definiteness of its time derivative. 

𝑉 = 𝑥𝑇𝑃𝑥 +∑𝜆𝑖𝛾𝑖
2

𝑛+1

𝑖=1

 (26) 

𝜆𝑖 are positive weighting constants and  𝑃 is a positive definite symmetric matrix. 

𝑃 =  [

𝑝11 𝑝12 … 𝑝1𝑛
𝑝21 𝑝22 … 𝑝2𝑛
… … … …
𝑝𝑛1 𝑝𝑛2 … 𝑝𝑛𝑛

] (27) 

Using (24) and assuming that the matrix A is regular, the time derivative of 𝑉 is obtained by: 

𝑉
.

= 𝑥𝑇(𝐴𝑇𝑃 + 𝑃𝐴)𝑥 + 2𝑥𝑇𝑃𝑢 +∑2𝜆𝑖𝛾𝑖𝛾𝑖
.

𝑛+1

𝑖=1

(28) 

Given 𝐴𝑇𝑃 + 𝑃𝐴 = −𝑄, where 𝑄 is a diagonal matrix with elements 𝑞𝑖𝑗 > 0. 
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𝑄 =  [

𝑞11 0 … 0
0 𝑞22 … 0
… … … …
0 0 … 𝑞𝑛𝑛

] (29) 

 Lyapunov stability condition (𝑉
.

< 0) is satisfied if the following condition is fulfilled: 

2𝑥𝑇𝑃𝑢 +∑2𝜆𝑖𝛾𝑖𝛾𝑖
.

𝑛+1

𝑖=1

≤ 0 (30) 

this last inequality is satisfied if  𝛾𝑖
.
 are chosen in the following form: 

𝛾
.

1 =
1

𝜆1
(𝑝𝑛1𝑥1 + 𝑝𝑛2𝑥2 +⋯+ 𝑝𝑛𝑛𝑥𝑛)𝑦

𝛾
.

2 =
1

𝜆2
(𝑝𝑛1𝑥1 + 𝑝𝑛2𝑥2 +⋯+ 𝑝𝑛𝑛𝑥𝑛)𝑦

(1)

⋮ … …

𝛾
.

𝑛 =
1

𝜆𝑛
(𝑝𝑛1𝑥1 + 𝑝𝑛2𝑥2 +⋯+ 𝑝𝑛𝑛𝑥𝑛)𝑦

(𝑛−1)

𝛾
.

𝑛+1 =
1

𝜆𝑛+1
(𝑝𝑛1𝑥1 + 𝑝𝑛2𝑥2 +⋯+ 𝑝𝑛𝑛𝑥𝑛)𝑦𝑐(𝑡)

(31) 

Considering (20) and (31) and 𝑒(𝑖) = 𝑥𝑖+1 , the adjustment algorithm is deduced. The values 𝑝𝑛𝑖  are chosen based on the positivity 

conditions of the matrices 𝑃 and 𝑄. 

𝑘
.

𝑎(𝑡) =
∑ 𝑝𝑛𝑖𝑒

(𝑖)𝑛

𝑖=1
𝑦𝑐

𝑘0(𝑇𝑘)𝜆𝑛+1

𝑐
.

𝑛−1(𝑡) =
∑ 𝑝𝑛𝑖𝑒

(𝑖)𝑛

𝑖=1
𝑦𝑖−1

𝑘0(𝑇𝑘)𝜆𝑖
 

(32) 

 

The control system is illustrated in Error! Reference source not found.. 𝜏, 𝜆1,2 and 𝑄 are carefully tuned to balance the competing 

objectives of tracking and disturbance rejection, see Table 6. 

 
Fig9  Lyapunov-based MRAC block diagram. 

 

Table 6  Lyapunov-based MRAC parameters 

𝜏 5 ∙ 10−5𝑠 

 𝜆1 0.1 

 𝜆2 0.1 

𝑄 0.001 

 

The graphical outputs of the speed actuator (DC Motor) are plotted in Fig10, where the reference input for the angular velocity (a sinusoidal 

profile in this case) is compared to the reference model output and the actual output. As can be seen, the actual velocity successfully tracks 
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the reference velocity. This latter performs a high degree of alignment with the model reference output, demonstrating the effectiveness of 

the proposed adaptive control mechanism. 

 
Fig10   Lyapunov-based MRAC angular speed results 

VI. RESULTS AND DISCUSSION 

To illustrate the effectiveness of the proposed control scheme, two tests are conducted on the overall system under various 

operating conditions. The chosen simulation scenario is a road segment of length 𝐷 = 2𝑘𝑚, the system conditions are given in 

Table 7. 
Table 7  System parameters 

Parameter Wheel 

base 𝐿 

Tire radius 𝑅 Speed 

limit 𝑉𝑚 

Acceleration limit 𝐴𝑚 

Value 2.96 𝑚 0.2667 
𝑚 

8𝑚/𝑠 0.4 𝑚/𝑠2 

 

A. Parametric Uncertainty Test 

To assess robustness against parameter variation, Armature resistance 𝑅𝑎 is increased by 200% while keeping all other 

parameters at their nominal values. The speed response before and after this variation is presented in Fig11. As expected, the 

conventional PID controller exhibits a noticeable delay after the resistance variation, with the tracking response deviating by 

approximately 0.1 seconds. Meanwhile, the GA-PID controller demonstrates improved performance, yet it still exhibits a deviation 

of about 0.05 seconds after the resistance change. In contrast, the MRAC controller maintains an unchanged response, its speed 

trajectory remains superimposed on the reference signal before and after the variation. Fig12 depicts the speed error plot, further 

illustrating the effect of the variation on controller performance. The conventional PID controller shows a relative increase of 

approximately 33.3%. Similarly, the GA-PID controller's overshoot rises from 0.007 to 0.009, corresponding to an increase of about 

28.6%. In contrast, the MRAC controller maintains consistent performance with negligible change in error, confirming its superior 

ability to adapt and reject internal variations. Fig 13 illustrates the evolution of the Lyapunov-based MRAC adaptive parameters 

during resistance variation. The parameters adjust smoothly over time demonstrating the stability and effectiveness of the adaptation 

mechanism. 

 

 
Fig11   Vehicle speed response with nominal and increased resistance. 
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Fig12   Speed tracking error plot 

 

 
-a- 

 
-b- 

Fig13   Adaptive parameter evolution 
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B. Disturbance Rejection Test 

In this test, the system is subjected to an external load disturbance. The load torque is initially set to its nominal value, 430 

N.m, then increased by 10% at time 𝒕𝟏 = 𝟓𝟎𝒔, and returns to nominal at 𝒕𝟐 = 𝟏𝟎𝟎𝒔.  

Fig14 illustrates the speed plots of the three controllers. The conventional PID controller shows visible overshoot during the 

disturbance. The GA-PID controller demonstrates partial improvement but still exhibits a noticeable overshoot during the 

disturbance interval. In contrast, the MRAC controller maintains a consistent and accurate speed trajectory throughout the entire 

test. 

 Fig15 plots the corresponding speed error for all controllers during the load variation. The application of a 10% increase in load 

torque results in noticeable overshoots for the conventional PID and GA-PID of approximately 20% and 15% respectively. Both 

controllers exhibit a delayed recovery following the disturbance, indicating limited disturbance rejection capability. In contrast, the 

MRAC controller demonstrates high performance with a minimal hiccup of only 1% and an instantaneous return to the reference 

trajectory. 

 Fig16 shows the evolution of Lyapunov-MRAC’s adaptive parameters during the test. It is observed that the control law actively 

adjusts its adaptive parameters to produce a response that is insensitive to external disturbance. 

 
Fig14   Vehicle speed response after load disturbance. 

 
 

Fig15   Speed tracking error plot 
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-a- 

 
 

-b- 

Fig16   Adaptive parameter evolution 

 

VII. CONCLUSION 

A modeling and simulation approach for Autonomous vehicles longitudinal control has been developed and introduced. 

Firstly, Sinusoidal and S-curve profiles were proposed to simulate realistic driving scenarios more accurately, leading a comparative 

study between the profiles, aiming to improve passenger comfort and safety. A classical PID controller was initially implemented 

for speed control. Although it performed adequately, it fell short in terms of accuracy. To enhance performance, a Genetic Algorithm 

(GA) was applied to optimize the PID gains, resulting in better performance. However, under dynamic uncertainties and parameter 

variations, a fixed configuration controller stays limited, which established the need for an adaptive control approach. Lyapunov-

based model reference control was chosen for its ability to adjust controller parameters in real time, offering a more effective solution 

for handling uncertainties and ensuring reliable performance. Finally, simulation results were conducted under real-word conditions, 

demonstrating the effectiveness of the proposed adaptive mechanism. In conclusion, while the GA-optimized PID controller adapts 

well in ideal conditions, real-life variations and disturbances highlight the need for a more robust adaptive control strategy. Further 

work should be considered, such as implementing on-site scenarios to validate simulation results, and developing an extension of 

the proposed adaptive mechanism to more general systems. 
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