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Abstract: - In this article is propose a comparative analysis of the functional capabilities (for control of a wide class industrial plants) of
controllers with algorithms based on operators for integration (differentiation) of integer order and of fractional controllers based on
operators of fractional order.
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I. INTRODUCTION

The purpose of the research is a comparative analysis of the functional capabilities (for control of a wide class
industrial plants) of controllers with algorithms based on operators for integration (differentiation) of integer order
and of fractional controllers based on operators of fractional order. The tasks set in the research are systematizations
of the time and frequency characteristics of the specified controllers for a wide parametric range of their setting
parameters and their parallel comparative analysis

Il. SYSTEMATIZATION OF DYNAMIC CHARACTERISTICS

@ B R « .
mThe frequency characteristics of a fractional I"D7 controller ~1"©* of fractional % B -order (1) and a

PID —controller Reio of integer order (2) are explored, as well as their time characteristics (4), (5). They are
configured by a sequential structure with rational approximations (1), (2) of integer and fractional order operators
[5-10].

e The frequency characteristics R”‘D( ja)), Ren ( Ja)) with their components: real ReR(a)); imaginary
ImR(a)); module MOdR(a)) ; phase Arg R(a)) , illustrate the response of the system # to harmonic

sinusoidal input impacts € with frequency @ . The analytical relationship between the components in R ( ja)) is
shown by (3).

Rei (t) and R 702 (t)

m The time characteristics of are represented by:

e step responses ﬁR (t) (reactions of the systems to a single jump input impact)

£(1)=1(1) 2(p)=p " ¢

e transfer characteristics I (t ) (reactions of the systems to arbitrary input impact) £ (t ) £ ( p) (5).

Ior’mﬂ o« B

The following designations are used: - fractional operators (original functions); = “P?° = PP -

approximating operators (rational functions); ® ﬁ - order of the fractional operators (fractional numbers); n.
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positive integer; '’ N - number of forcing units in the approximating polynomial (integers); I+ 3~ counters
-1
(integers); @i _ time constants of the units in the approximating polynomial; Dy unit frequency of the

approximating operator in the controller algorithm; ~ ° "_ lowest and highest approximation frequency;

o, 0 N . . .
A B lower and upper frequency of the approximation range; k. proportional gain; 1. bandwidth of

rational approximation.

I1l. PARAMETERIZATION OF THE CHARACTERISTICS
Taking into account dynamic setting parameters of:
m fractional controllers (1) (rx foRe A0rg )
e order of operators ® ﬁ 6);
e proportional gain &R ;

e bandwidth of rational approximation (8) 4w, (8);
(k,. T, o)

e time constants of integration T I and differentiation TD :

m first integer order controllers (2)

k
e proportional gain " (2)

- - - Rp « -
the dynamic characteristics of 2’ and Reio are parameterized (9).

For the specified (Table I., Table I1.) ranges of change of the dynamic setting parameters, the parameterized char-
acteristics R‘”’(“’ﬁ) and Rep (T' To ) are illustrated in parallel (figurel, figure2). Such approach
R PID

5

provides the possibility of a comparative analysis of the functional capabilities of RI"‘D and

IVV. 4. COMPARATIVE ANALYSIS
The comparative analysis of the functional capabilities according to the results of the parallel visualization for the

parametric range (10) of the characteristics of f o’ _controllers and Re . controllers (figurel, figure2) is
based on the following indicators:

0% and Rep ;

R["o’ (p): I:pp(p)th};p(p)é‘[:pp(p)‘mal;p(p):

oo (2] TI{Ee | 2 ()

e dephasing of

i=1 oh iy 1+p(a)mj)
biineMN:={1,23,.})

“ N -1 £ -1
(Lb) R"“”(”’)L[m:] H[l”w;i ][“jw,.J [«)] H[“jw;j ][Mwm] '

j=1
T

(n—l<zx<n,a)“ > o, N-1<f<n, o, <

(‘Un> By 5 Wp < Bg 3 T > Ty 1T <Tp;in-1<a<n ;n—1<ﬂ<n)

[(TI p+1) (TD p+1)
k
L Tp (T,p+1)

>

1
(2.8) Rep ( p):kp[1++TD pJ

L\ T, =0.15T
T p qu ( f D)

2b) R, (jo)=2 (kg (K, Too -k, (T, 0) ") )0'5 exp (= Arctg (To0—(T,0) "))
Ba) R(jw)=Reg (@)+jlm, (o)=Mod, (w)exp(-jArg, (»))
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(3b)  Rey (@)=Mod, ()Cos (Arg, ()
@3¢ Img (0)=Mod, () Sin(Arg, (o))
3d)  Mod, (0)=(Re? (@)+Im2 (0))"°
(3e) Arg, (@)= ArcTg (~Im, (@)/Re, ()
@ A ()=c7{&(p) ), f=£7"{&(p) P}
6 #(t) = &) s} = £ {R(P)E(p))
6a) &= ‘argl”‘(a))‘malx /90,[deg] =2 ‘ argI“(a))‘maX /ﬁ,[rad]
(6.b) ﬂ:‘ arg@”(a))‘max /90,[deg] =2 ‘ argQ)’s(w)‘max /ﬂ,[rad]
(20 1ogyo k4 )[dB] |
(N ke =min(d(mod ®(w))/dw)[-] =10 2 -1
8 A00=(0on— oy )[rad/s]
R (a, Ky A0y ); Reg (a8, ke F0g )iImg (0 f Re T0rg );
(9.2) Mod, (@ f.Ke A0, )i Arg, (o f Ky B0, );
fig (@, he d0g )i (. f ke A0, ) ,
R(k,.T, To 4o, )iReg (k,.T, Ty Aoy )ilmg (k, T, Ty dog );
(9.b) Mod, (k, T, To 4, ); Arg, (k,.T, Ty A, );
he (K, T, To dog ); u(k, T, To 4oy ) |
Table 1. Order of the fractional operators for integration & and fordifferentiationﬂ in 1“0’
order €= (B=) 0,111111 0,222222 0,333333 0,444444
phase correspondence in radians | (1/9)(z/2) (2/9)(=/2) (3/9)(=/2) | (4/9)(=/2)
phase correspondence in degrees 10° 20° 30° 40°
order «= (=) 0,555556 0,666667 0,777778 0,888889
phase correspondence in radians | (5/9)(z/2) (6/9)(z/2) (7/9)(x/2) | (8/9)(x/2)
phase correspondence in degrees 50° 60° 70° 80°
order €= (=) 1,111111 1,222222 1,333333 1,444444
phase correspondence in radians | (10/9)(z/2) | (11/9)(z/2) (12/9)(x/2) |(13/9)(=/2)
phase correspondence in degrees 100° 110° 120° 130°
order = (B=) 1,555556 1,666667 1,777778 1,888889
phase correspondence in radians | (14/9)(z/2) | (15/9)(x/2) | (16/9)(x/2) |(17/9)(x/2)
phase correspondence in degrees 140° 150° 160° 170°
Table 2.
T =.(Tp=)s 5 50 150 200
T, =,(To=)s 250 300 350 400
T, = .(Tg=),s 450 500 550 600
T, =,(Tg=),s 650 700 750 825
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R

R "o’
e advancement of and " PID of (Table 3);

e frequency range of the operators used for integration and differentiation of integer and fractional order of

10 and of ReiD (Table 4);

e efficiency domain in controlling classes of plants.

- - - R «
The results of the analysis (Table 3, Table 4) unequivocally confirm the advantages of 7/ 2/ controllers over

Reo . controllers. In this context, the functional capabilities (dephasing, advancement, frequency range) of the

"o’ _ controllers are repeatedly wider (figure 1.a, figure3) than those of the Reio -controllers, depending on
the relations (11) (13) validity in which 1 is a positive number.

The efficiency domain of 1 o’ _controllers and Reio -controllers in controlling classes of plants is analyzed
with their capabilities (through their optimal settings) to achieve satisfaction of the desired quality criteria of the

control systems (figure 4) with R’“Q”J and Rei .

As an example, a system for (figure 4) control of a robot-manipulator [6-10] is considered. Here, the control (input)

H i (i < [1’5])

variables to the electric motors are and the process (output) variables are the positions

(i 1
Yai ( e ’5]) of the axes of the 5-DOF-manipulator [1-4].

x, o, ,0,,, A0
Let the properties of the analyzed controllers Rro and Reio are marked by Rio ( Bows a0 1o )

, Reip (TI To 0,05, A0y ) and let the properties of a generalized model G of industrial plants in

RI@ RPID

control  systems  (figure 4) with the considered and are  marked by

G ( Ko Te 176 10y 1Wresgr O Wy g )

The properties of the generalized model are determined analytically as a function of the parameter multitude G

u

K. . L — . . w .
(14), where: " © is the static gain coefficient; = © - dominant time constant; Te. delay; 'G _single frequency;

D¢ W6

[} . .
res.G _ resonant frequency; - cut off frequency; « 70 »-frequency of the plant. Being dynamic

Q
systems, industrial plants are low-pass filters with essential frequencies in the multitude ~ 9 , located in the range
(O +20)’ [rad / S] and in ratio (15).

a =f;ac(01,138] ; fe[01,138];

(10) T, =T,; T,e[5,825] ; T,e[5, 825]
(~@,20dB/dec) / (- 20dB/dec) = «, ,

(11) (@, € [n-1;n] ,n=12,3,...) ,
(+,20dB/dec) / (+20dB/dec) = 4, ,

(12) (Bie[n-1n],n=12,3,...) |

- (4wp.[rad/s]) / (A wy, . [rad/s]) >> n

(n=12,3,...)
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Table 3.
R s Rep R, eps Rep
—«,20dB/dec -20dB/dec + B,20dB/ dec +20dB/ dec
o€ [n-1n], B, e [n-1; n],
n=12,3,.... constante nN=12.3.... constante
dephasing advancement
Table 4. Frequency range of the operators used
R ,eps Rop
Aa,p= 0oy — @, )[rad/s] Aa, =0, o, )[rad/s]

1w,,,[rad/s] > Aw, [rad/s]

G= {kG 61 T6 10461 Ores g 1P 1@y }

(14)
g:{kG,TG,TG,Qg} ’
(15) ‘Qg = {a)u,G 'a)res,G 'a)c,G 'a)zr,G }
WOy < W6 < O.c<0,¢, (wi 6[0’20)1 rad/s)
Bode plot ID- PID-Integer " Nichols Plot Regulateurs ID-Fractionnels, PID-integer
® (jw’“’}ﬁ’zw) i } i RP!D(ja)'TI ’TD)
0 :

)

-20

20.10g10[G(jw)] (db)
&
20l0g10[G(jw)] (db)

SO _20dB/dec +20 dB /e
-80
-100 - N\ /
-«,20dB/dec .~ \\ - .+ 8,20 dB/ dec
i \ P
-120 X N [
mod R, ( jo,T, T, I
| T L Drs } }1 o, Jou
240 = S z 0 . o
0 fp. 107 0% 19 10 10 10° | 10
' "0 d |
A, Freduency_(rad/seo) N Phase(deg)
Figure 1.a. Figure 1.c.
Bode plot (phase) Regulateurs ID-Fractionnels, PID-Integer s Nyquist plot Regulateurs ID-Fractionnels, PID-Integer
T — T T T - T T
arg RPID(j(o'TI ’TD) ! A RPID(Jw'TI ’TD) } ‘
| ﬂ M |
1
+ go o —\
05
H g
o 0
T
05
-90
1
arg R, (jo,x, p.00)
s o o V #mn"b i i i oo 15
5 - 2 D 2 " 5 o . 1 15
105 Ag, M 10 19 10 10 10° | 10
[ A0 Ao, Freduency (adisec) 5 Real (w)

Figure 1.b. Figure 1.d.

6453



J. Electrical Systems 20-10s (2024): 6449-6458

Step Response Regulateurs ID-Fractionnels, PID-Integer Response Aleatoire Regulateurs i ID-Fractionnels, PID-Integer

12 T T T T T 12 = T T T T T
he, (6T, 75 ), 60, =1(t) £ (.2, 8, ). eo=1(1) = e, (0T, )i (1) g, (G, B, )ie (1)
1E— gx(t)' 1_ gx(t)v
— \
0.8 0.8 A
L // A
2 = R A
:% /'74747/ EL - \\‘
/,/é =
77/ 1|
%Zg::*::;:
0 2 4 6 8 10 12
Time (sec) Time (sec)
Figure 2.a. Figure 2.c.
o6 Response Aleatoire Regulateurs j ID-Fractionnels, PID-Integer 05 Response Aleatoire Regulateurs k ID-Fractionnels, PID-Integer
/‘R,m(t'TwTD )‘SRM (t) ﬂg,,,(t'xi’ﬁi )"gg(t) /‘R,m(t'TI'TD )""‘Rm (t) ﬂl,,(t‘xi’ﬂi )"gg(t)
s £ (1), £, (1)
02 2 p————— =
s / R I e e
‘” // { e G
= / < —
[}
§ 0.3 - % i ~ r 74J
3 e = g :’/ £ ’/ﬁf =
0.1 1
02 // = .f / N I
0.05 ey —————— ]
7710 1;i0rij 30 357740
Time (sec) Time (sec)
Figure 2.b. Figure 2.d.
The synthesis of the control systems (figure4) and the optimal setting of the controllers Rro or Reio are subject

to relevant functional dependencies T (16) between: e the dynamic setting parameters (
a,f.0,0,; A0 . . .

B @0 D or T T 00,4 a)R); e the essential parameters in the characteristics of
G (14); e the requirements to the quality indicators of the control system @ (17).

The aim of the synthesis is the analytical determination of such values of the parameters (16) for which the require-

ments O (17) are satisfied. In general, O (17) is a function of: gain stability margin GM ; phase stability margin
t
PM : time of controlling "™?; robust stability RS : robust performance RP and other indicators of the system

“’ ) 2 7Z
quality  (figured). The properties of the controllers R’”’( Bows a0 w”’) ,

Rep (T' To 0,0, Ao ) are analytically determined as functions of the parametric multitudes (18)
and (19), respectively.

The parametric multitude R0 (18.a) is considered as consisting of two non-intersecting parametric sub-multitudes

R 1o R 1, R 1o
1D (18.b) and ! (18.c). The first of themis P (18.b), for which the requirements @ (17) are not fulfilled

and for which the evaluated controller R 1o operates with an algorithm that is not able to satisfy quantitatively the
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14
q{ID

v
(18.c) completely satisfies the requirements O (17) and defines the efficiency domain of R0 (18.d).

20

(o}

-20

— -40
=)
=
£

o -60
=)
~—
=
S
=

N -80

-100

-120

-140

Bode plot (magnitude) Regulateurs ID-Fractionnels, PID-Integer

~mod R,, (jo,T,,T,) mod R , (jo,a, .40 )
-&,,20 dB/ dec -#,20dB/dec -, 20 dB/ dec +$,20dB/dec +$,20 dB/ dec +,20 dB/ dec
~&,20 dB/ dec ~a,20dB/dec ~,20dB/dec -a,,20 dB/dec +8,20dB/dec +B,20dB/dec +B,20dB/dec’ +$,20 dB/ dec
—&,20 dB/ dec ! i 1 ooy i L / I ; / ; +§,20 dB/ dec
—————————— 0 O O 0 0 0 0 0 0 0 O 0O 0 u 0 O
—&,20 dB/ dec +$,20 dB/ dec
,,,,,,,,,, 0 o 2!
- -&,20dB/dec +$,20 dB/dec
,,,,,,,,,, 0 gt
~«,20 dB/ dec + ,20 dB/ dec
,,,,,,,,,, 0
~,20 dB/ dec +f,20 dB/ dec
,,,,,,,,,, 0 e
~ —«,20dB/dec +$,20 dB/ dec
,,,,,,,,,, 0 g e
~,20 dB/ dec +$,20 dB/ dec
,,,,,,,,,, 0 ’ g 2!
- —«,20dB/dec +,20 dB/ dec
,,,,,,,,,, 5
7 @ -20dB/dec / o +20 dB/ dec OFY
u lein m 16 u Dep n
bt ‘ t P t t t ‘ t
-6 -4 -2 0 2 4 6 8
10 1C 10 10" 10 10 10 10
§ Frequency (rad/sec)
- 3>
< Ao, >
Ny
< 1w, >
Figure 3.
i i FANUC
Yo & 35 M s M-430iA/4FH

w
ué@/ Spherical Wirst

Y Y €4 Hia
0_—’ R4 Ja

Trajectory Set-Point Generator

- ‘
| Anthropomorphic Arfa

Figure 4.a

K DA
R G

Trajectory Set-Point
Generator

Figure 4.b
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The parametric multitude Rei (19.a) is considered as consisting of two non-intersecting parametric sub-multi-

R RV L 4 [ 4

I J
tudes " "PID (19.b) and " "PID (19.c). The first of them is Reio (19.b), for which the requirements of Reio @an

are not fulfilled, and for which the evaluated controller Rei operates with an algorithm that is not able to quantita-
tively satisfy the demanded norms for optimality to the quality indicators of the control system. The second mul-
|4 v
titude Reo (19.c) fully satisfies the requirements (17) and defines the efficiency domain of Rep (19.d)
R, R

For comparison and evaluation, the considered multitudes G (14), "~1? (18.c), PID (19.c) are illustrated graph-
ically by figure5 in proportion to the numerical axis of the frequency @ in the parameterized frequency characteris-
tic of the controllers.
RY «c®) RY. . . . v iy

0 & Roro (RPID is a sub-multitude of the multitude R"D). An addition to the

RY R =) Xer

multitude PP regarding the multitude ““!? is a multitude R (20) containing all elements %o of the

It is obvious (figure5) that

14 v X v
multitude R1o that do not belong to the multitude Reio with elements  R®© . The multitude obtained from the

v v v 4 v v
difference Rio / Rei of the multitudes Reio and R 1o is called an addition of Rei to R”’. The addition

4
is marked by R and is the analytical proof of the unambiguous advantage of the efficiency of R1o (18.d) over

Ry, R 1y RY,
the efficiency of " "PID (19.d), i.e. the domain “~I? (18.d) is wider than ""PID (19.d).

x=7F, (kG N P Qg ,G),ﬂ = F, (kG I P Qg ,0')

B0 o =0 (&) @0 = w0 (B )i A010 =000, (0,5 @5 )

- T, =F (ke Te 76 .Q;.0) Tp=F_ (ke To.76.2;,0)
a)lza),(T, ),a)Dza)D(TD);Aa)R:Aa)R(T, ,TD) ,

(17) o =0(GM,PM,t,, ,RS,RP,...)

(18.a) Rio= 106 fr0ys, @0 'Zwm},

(18.0) R 1o = {vf',ﬁ',w,'ww;ﬁ,ﬂwl'o}:(qiz'ocqimX

g  R,={a” B0k, 00 00| (R R,

(18.d) Rio & §

(19.a) Rep = 1T, .Tp 0, 0, , Ao, }’

19b)  Rip= {1778 0f 0f 208 | (R < Rep )

190  Rip= {T .7 00 0f 407 | (R < Rep )

(19.d) Rio = 6

(20) R 2R /RE, - DX, Xy, < RIan%e, #RE }
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Bode plot (magnitude) Regulateurs ID-Fractionnels, PID-Integer

o Mmod R, (jo,T,.T,) mod ® , (jo,a, .90 )
—&,,20 dB/ dec -«,20dB/dec -« ,20dB/dec +$,20dB/dec + p,20dB/dec + $,20 dB/ dec
0 -&,20 4B/ dec \ —,200B/dec —a,20dB/dec —x,20 B/ dec + 4,20 dB/ dec + 4,20 4B/ dec +,20dB/dec; +$,20 4B/ dec
—~&,20 dB/ dec 3 3 S = ? ? ? = / g = +$,20dB/ dec
—————— a| O O O O 0O 0] u| 0 | pE—
L L R v o AR
o
o —&,20dB/ dec PID + 8,20 4B/ dec
RC «20dB/ dec o A0 B
E ~&,20 4B/ dec +$,20dB/ dec
= O s
=k
= —&,20 dB/ dec +$,20dB/ dec
= 0T a o~ >~ oo\ s s s gthaE
o
= gt
—&,20 4B/ dec +$,20dB/ dec
,,,,,,,,, A
—&,20 0B/ dec \// +$,20dB/ dec
,,,,,, / O
=N
' 4
@ 20 dB/ dec 120 dB/ dec R’ o,
] n a)IPID D a)D"'D 1D o
140 :r_G r_4 r_z i ; i ” i " t - ! rg
10 10 10 10 10 10 10 10
3 Frequency (rad/sec) ‘
< A @ PID )
< A, >
FigureS.a
v R
< >
R- D ID
'
< >
R PID R PID
3 G :
Figure5.b
12 Y
< < R > >
PID ID
FigureS.c

V. CONCLUSION

The results of the comparative analysis of the functional capabilities in (10) of the characteristics of ! o/

controller and Reio -controller (figurel, figure2, Table 3, Table 4), based on the indicators dephasing, advance-
- . - - - R x
ment, frequency range, efficiency domain, unequivocally confirm the advantages of o’ _controllers over

Ren -controllers. Ratios (11) +(13), (20) prove that the functional capabilities of the fractional ~f 2’ _con-
trollers are many times wider (figurel.a, figure3, figure5) from those of integer order Reio -controllers.
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