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I.  INTRODUCTION 

The purpose of the research is a comparative analysis of the functional capabilities (for control of a wide class 

industrial plants) of controllers with algorithms based on operators for integration (differentiation) of integer order 

and of fractional controllers based on operators of fractional order. The tasks set in the research are systematizations 

of the time and frequency characteristics of the specified controllers for a wide parametric range of their setting 

parameters and their parallel comparative analysis 

II. SYSTEMATIZATION OF DYNAMIC CHARACTERISTICS 

■The frequency characteristics of a fractional 
βα

DI -controller 
βα

DI
R

 of fractional 
βα,

-order (1) and a 

PID-controller PIDR
 of integer order (2) are explored, as well as their time characteristics (4), (5). They are 

configured by a sequential structure with rational approximations (1), (2) of integer and fractional order operators 

[5-10]. 

● The frequency characteristics 
( )jI DR

, 
( )jR PID  with their components: real 

( )RRe
; imaginary 

( )RIm
; module 

( )RMod
; phase

( )RArg
, illustrate the response of the system 

μ
 to harmonic 

sinusoidal input impacts ε  with frequency . The analytical relationship between the components in 
( )jR

 is 

shown by (3). 

■ The time characteristics of 
( )tR PID  and 

( )tβα
DI

R
are represented by: 

● step responses 
( )tRh  (reactions of the systems to a single jump input impact) 

( ) ( ) ( ) 1
pp,t1t

−
== Eε

 (4), 

● transfer characteristics 
( )tRμ  (reactions of the systems to arbitrary input impact) 

( ) ( )p,t Eε
 (5). 

The following designations are used: 

βα
DI ,

- fractional operators (original functions); 

β

a p p

α

a p p DI ,
- 

approximating operators (rational functions); 
βα ,

- order of the fractional operators (fractional numbers); n - 
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positive integer; 
N,M

- number of forcing units in the approximating polynomial (integers); 
j,i

- counters 

(integers); 

1

i

−


- time constants of the units in the approximating polynomial; u
- unit frequency of the 

approximating operator in the controller algorithm; hb ,
- lowest and highest approximation frequency; 

BA ,
- lower and upper frequency of the approximation range; 

k
- proportional gain; 

ωΔ
- bandwidth of 

rational approximation. 

III. PARAMETERIZATION OF THE CHARACTERISTICS 

Taking into account dynamic setting parameters of: 

■ fractional controllers (1) 
( )RR ωΔkβα ,,,

- 

● order of operators 
βα ,

 (6) ; 

● proportional gain Rk  (7); 

● bandwidth of rational approximation (8) D
ωΔ

 (8) ; 

■ first integer order controllers (2) 
( )

DIp T,T,k
- 

● time constants of integration IT
 and differentiation DT

;  

● proportional gain pk
 (2) 

the dynamic characteristics of 
βα

DI
R

 and PIDR
are parameterized (9).  

For the specified (Table I., Table II.) ranges of change of the dynamic setting parameters, the parameterized char-

acteristics 
( )βαR I D ,

 and 
( )DIPID T,TR

 are illustrated in parallel (figure1, figure2). Such approach 

provides the possibility of a comparative analysis of the functional capabilities of 
βα

DI
R

 and PIDR
. 

IV. 4. COMPARATIVE ANALYSIS 

The comparative analysis of the functional capabilities according to the results of the parallel visualization for the 

parametric range (10) of the characteristics of 
βα

DI
R

-controllers and PIDR
- controllers (figure1, figure2) is 

based on the following indicators: 

● dephasing of 
βα

DI
R

and PIDR
; 
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(3.a) ( ) ( ) ( ) ( ) ( )( ) RRRRR ArgjexpModImjRej −=+=
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(3.b) ( ) ( ) ( )( ) RRR ArgCosModRe =
 

(3.c) ( ) ( ) ( )( ) RRR ArgSinModIm =
 

(3.d) ( ) ( ) ( )( ) 5,022
ImReMod  RRR +=

 

(3.e) ( ) ( ) ( )( ) RRR ReImArcTgArg −=
 

(4) ( ) ( )
( )

  ( ) 1

pp
pppt 1

−

=
== − RLRLh

1-

E

1-

R
 

(5) ( ) ( ) ( )  ( ) ( ) pppt p ERLRLμ
1-

E

1-
==

 

(6.a) ( )   ( )  rad,arg2deg,90arg
maxmax


αα
IIα ==

, 

(6.b) ( )   ( )  rad,arg2deg,90arg
maxmax


ββ

DDβ ==
, 

(7) ( )( )( )  
( )  

 −=−= ,10,dmoddmin 20

dBlog20 10 Rk

R Rk 
, 

(8) ( )  srad,bh IDI DωΔ  −=
, 

(9.a) 

( ) ( ) ( )
( ) ( )
( ) ( )RRRRR

RRRRRR

RRRRRRRR

ωΔkβαμ;ωΔkβαh

;ωΔkβαωΔkβα

ωΔkβαωΔkβα;ωΔkβαR

,,,,,,

,,,Arg;,,,Mod

;,,,Im;,,,Re,,,

, 

(9.b) 

( ) ( ) ( )
( ) ( )
( ) ( )RDIpRDIpR

RDIpRRDIpR

RDIpRRDIpRRDIp

ωΔ,T,T,kμ;ωΔ,T,T,kh

;ωΔ,T,T,kArg;ωΔ,T,T,kMod

;ωΔ,T,T,kIm;ωΔ,T,T,kRe;ωΔ,T,T,kR

, 

Table 1. Order of the fractional operators for integration α  and for differentiation
β

 in 


DI
R

 

order ( )== βα ,  0,111111 0,222222 0,333333 0,444444 

phase correspondence in radians ( ) ( )291   ( ) ( )292   ( ) ( )293   ( ) ( )294   

phase correspondence in degrees o
10  

o
20  

o
30  

o
40  

order ( )== βα ,  0,555556 0,666667 0,777778 0,888889 

phase correspondence in radians ( ) ( )295   ( ) ( )296   ( ) ( )297   ( ) ( )298   

phase correspondence in degrees o
50  

o
60  

o
70  

o
80  

order ( )== βα ,  1,111111 1,222222 1,333333 1,444444 

phase correspondence in radians ( ) ( )2910   ( ) ( )2911   ( ) ( )2912   
( ) ( )2913   

phase correspondence in degrees o
100  

o
110  

o
120  

o
130  

order ( )== βα ,  1,555556 1,666667 1,777778 1,888889 

phase correspondence in radians ( ) ( )2914   ( ) ( )2915   
( ) ( )2916   

( ) ( )2917   

phase correspondence in degrees o
140  

o
150  

o
160  

o
170  

Table 2. 

( ) s,T,T DI ==  5 50 150 200 

( ) s,T,T DI ==  250 300 350 400 

( ) s,T,T DI ==  450 500 550 600 

( ) s,T,T DI ==  650 700 750 825 
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● advancement of 
βα

DI
R

and PIDR
of (Table 3); 

● frequency range of the operators used for integration and differentiation of integer and fractional order of 

βα
DI

R
 and of PIDR

 (Table 4); 

● efficiency domain in controlling classes of plants. 

The results of the analysis (Table 3, Table 4) unequivocally confirm the advantages of 
βα

DI
R

controllers over 

PIDR
- controllers. In this context, the functional capabilities (dephasing, advancement, frequency range) of the 

βα
DI

R
 - controllers are repeatedly wider (figure 1.a, figure3) than those of the PIDR

-controllers, depending on 

the relations (11) (13) validity in which n  is a positive number. 

The efficiency domain of 
βα

DI
R

-controllers and PIDR
-controllers in controlling classes of plants is analyzed 

with their capabilities (through their optimal settings) to achieve satisfaction of the desired quality criteria of the 

control systems (figure 4) with 
βα

DI
R

 and PIDR
. 

As an example, a system for (figure 4) control of a robot-manipulator [6-10] is considered. Here, the control (input) 

variables to the electric motors are
 ( )5,1iiJ 

 and the process (output) variables are the positions 

 ( )5,1iy iJ 
 of the axes of the 5-DOF-manipulator [1-4]. 

Let the properties of the analyzed controllers I DR
 and PIDR

 are marked by 
( )I DhDbII D ωΔω,ωβαR ,,,

, 
( )RDIDIPID ,,,T,TR 

, and let the properties of a generalized model G  of industrial plants in 

control systems (figure 4) with the considered I DR
 and PIDR

are marked by 

( )G,G,cG,resG,uGGG ,,,,,T,kG 
. 

The properties of the generalized model are determined analytically as a function of the parameter multitude 
G

 

(14), where: Gk
 is the static gain coefficient; GT

- dominant time constant; G
- delay; G,u

- single frequency; 

G,res
- resonant frequency; - G,c

 cut off frequency; G,
- “ ”-frequency of the plant. Being dynamic 

systems, industrial plants are low-pass filters with essential frequencies in the multitude GΩ
, located in the range 

( )  srad,200 
 and in ratio (15). 

(10) 
   
   82558255

3811038110
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i
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=++
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(13) 
 ( )  ( )

( )....,,,n

,nsrad,srad,ωΔ
PIDRID

321=

 

. 
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Table 3. 

βα
DI

R
 PIDR  

βα
DI

R
 PIDR

 

decdB20iα−
 

decdB20−  
decdB20iβ+

 decdB20+  

 
....,,,n

,n;nαi

321

1

=

−

 
tetancons  

 
....,,,n

,n;nβi

321

1

=

−

 
tetancons  

dephasing advancement 

Table 4. Frequency range of the operators used 

βα
DI

R
 PIDR  

( )  srad,bh IDI DωΔ  −=
 

( )  srad,
PIDPIDPID IDR  −=

 

   srad,srad,
PIDRI DωΔ
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Figure 1.a.       Figure 1.c. 

 
Figure 1.b.       Figure 1.d. 
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Figure 2.a.     Figure 2.c. 

 

Figure 2.b.     Figure 2.d. 

The synthesis of the control systems (figure4) and the optimal setting of the controllers I DR
 or PIDR

 are subject 

to relevant functional dependencies iF  (16) between: ● the dynamic setting parameters (

I DhDbI ωΔω,ωβα ,,,
 or RDIDI ,,,T,T 

); ● the essential parameters in the characteristics of 

G
 (14); ● the requirements to the quality indicators of the control system   (17). 

The aim of the synthesis is the analytical determination of such values of the parameters (16) for which the require-

ments   (17) are satisfied. In general,   (17) is a function of: gain stability margin GM ; phase stability margin

PM ; time of controlling regt
; robust stability RS ; robust performance RP  and other indicators of the system 

quality (figure4). The properties of the controllers 
( )I DhDbII D ωΔω,ωβαR ,,,

 ,
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, are analytically determined as functions of the parametric multitudes (18) 

and (19), respectively. 
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◼
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demanded norms   (17) for optimality to the quality indicators of the control system. The second multitude 



I DR
 

(18.c) completely satisfies the requirements   (17) and defines the efficiency domain of 



I DR
 (18.d). 

 
Figure 3. 
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The parametric multitude PIDR
 (19.a) is considered as consisting of two non-intersecting parametric sub-multi-

tudes 

◼

PIDR
 (19.b) and 



PIDR
 (19.c). The first of them is 

◼

PIDR
 (19.b), for which the requirements of 

◼

PIDR
 (17) 

are not fulfilled, and for which the evaluated controller PIDR
 operates with an algorithm that is not able to quantita-

tively satisfy the demanded norms for optimality to the quality indicators of the control system. The second mul-

titude 



PIDR
 (19.c) fully satisfies the requirements (17) and defines the efficiency domain of 



PIDR
 (19.d) 

For comparison and evaluation, the considered multitudes 
G

 (14), 



I DR
 (18.c), 



PIDR
 (19.c) are illustrated graph-

ically by figure5 in proportion to the numerical axis of the frequency   in the parameterized frequency characteris-

tic of the controllers. 

It is obvious (figure5) that 



I DRPIDR
 (



PIDR
 is a sub-multitude of the multitude 



I DR
). An addition to the 

multitude 



PIDR
 regarding the multitude 



I DR
 is a multitude R  (20) containing all elements 



I DR
x

 of the 

multitude 



I DR
 that do not belong to the multitude 



PID
R

 with elements 


PIDR
x

. The multitude obtained from the 

difference 



PIDRI DR
 of the multitudes 



PIDR
 and 



I DR
 is called an addition of 



PIDR
 to 



I DR
. The addition 

is marked by R  and is the analytical proof of the unambiguous advantage of the efficiency of 



I DR
 (18.d) over 

the efficiency of 



PIDR
 (19.d), i.e. the domain 



I DR
 (18.d) is wider than 



PIDR
 (19.d). 

(16.a) 
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(17) ( )...,RP,RS,t,PM,GM reg =
, 
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, 

(18.b)   ( )I DI DI DhDbII D RRωΔω,ωβαR =
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,,,,
, 
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

,,,,
, 
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


, 
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, 

(19.b)   ( )PIDPIDRDIDIPID RR,,,,T,TR =
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
, 

(19.c)   ( )PIDPIDRDIDIPID RR,,,,T,TR =



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(19.d)  
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
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PIDR
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def
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Figure5.a 

 
Figure5.b 

 
Figure5.c 

V. CONCLUSION 

The results of the comparative analysis of the functional capabilities in (10) of the characteristics of 
βα

DI
R

-

controller and PIDR
-controller (figure1, figure2, Table 3, Table 4), based on the indicators dephasing, advance-

ment, frequency range, efficiency domain, unequivocally confirm the advantages of 
βα

DI
R

-controllers over 

PIDR
-controllers. Ratios (11)  (13), (20) prove that the functional capabilities of the fractional 

βα
DI

R
-con-

trollers are many times wider (figure1.a, figure3, figure5) from those of integer order PIDR
-controllers. 
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