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Abstract: - The purpose of this paper is to prove a strong convergence theorem for finding a common element of the set of solutions to
equilibrium problems, the set of solutions to variational inequality problems, and the set of solutions to fixed point problems of finite
families of strictly pseudo-contractive mappings. The result of this article can be especially useful in the field of engineering in terms of
power systems, renewable energy, and signal processing. Moreover, | give a numerical example to support my result.

Keywords: Fixed point problem, equilibrium problem, variational inequality problem, strictly pseudo-contractive mapping.

I.  INTRODUCTION

Throughout this article, let H be a real Hilbert space with inner product <:,-> and norm ||. Let C be a nonempty
closed convex subset of H. We use “—” for weak convergence and “— " for strong convergence.

Definition 1.1 Let T: C — C be a mapping. Then

(i) the fixed point problem for the mapping T is to find x € C such that

Tx = x.

I denote the fixed point set of a mapping T by F(T).
(i) amapping T is called nonexpansive if

Ire- 1yl <=l foranxyec,

(iii) amapping T is called k-strict pseudo-contraction if there exists a constant & € [0. 1) such that

[re- < e sl sl e (1= T

forallx,y € C,

Note that T is nonexpansive mapping if and only if T is O-strict pseudo-contractive mapping.

Equilibrium problem theory gives us a natural and unified framework to apply a wide class of problems in various
fields, such as field of CR networks, multihop communication, networks, economics, physics, finance,
transportation, structural analysis, and optimization. The concepts and techniques of this theory are being used
throughout the world. It has been shown by Blum and Oettli, see more detail in [1].

Let F: C X C — R be a bifunction. The equilibrium problem of F is to find x € C, such that

F(x,y) =0, (1.1)

for all y € C. The set of solutions of (1.1) is denoted by EP(F).
The variational inequality problem is to find a point u € C, such that

<Au,v—u>=0, (1.2)

for all v € C. The set of solutions of (1.2) is denoted by VI(C, A). The variational inequality offers a suitable
framework for applications at least to signal processing and transportation networks. Furthermore, the variational
inequality problem has been used to solve a wide range of problems in finance, regional, industry, engineering,
economics, pure and applied sciences, see more detail in [2,3].
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Remark 1.2 If T: C = C be k -strictly pseudo-contractive with F'(T) # @ | then F(T) =VI(C.,I-T) | see
more detail in [4].

In 2011, Kangtunyakarn [5] proved strong convergence theorem for finding a common element of the set of solution
of equilibrium problem and the set of variational inequality and the set of fixed-point problems by using S-mapping
generated by infinite family of nonexpansive mapping and infinite real number as follows;

Theorem 1.3 [5] Let :Cx C — R be bifunctions satisfying (A1)-(A4). Let A:C — H be a a-inverse-strongly

T}
monotone  mapping.  Let { ’}i:I be infinite family of nonexpansive mappings  with
= =(al, al,al
13 ﬂleF( TI_) NEP(F)NVI(C,A) Cand et P (ar“z’aa) elxIxlI  where 1:[0, 1] ,

aJl+a12+ a13=1,afl+ a{zs b<l1 aJl,an,age (0,D) , vi=1,2, ..

, and - . For every ne N, let S, and S-

mappings generated by 7w T and P Pu—12-P 1, and T Tue 12+ and PwP =17+, respectively.
Let (.} and (4} be the sequences generated by ¥ 1° % € € and

F( u”,y) + %<y— u”,u”—x“>2 0,YyeC,

(1.3)
x,r+l=(1”u+/5HPC(1— AA)x”+ynSHPC([—/1A) u”,V}zZ 1,
where (@b 1B r)€(0) G g @ 4B +r,=1 B eledlccon
r,€ [a,b]c (0,2a) 2c (0,20)  Assume that
s o]

lim a =0 da=w
0] n— oo and n=0 ,

(s o]

a’f<oo

(i) n=1 ,

[e] o0 o0 o0

Z |rn+l_r.-1|<oo’z }/IH_I—}/”|<OO, |an+l_an|<oo’z ﬁn+l_ﬁn <oo.
(Ill) n=1 n=1 n=1 n=1

Then the sequences {x,} ang {u,} converge strongly to * =P

Many the past decades, Kangtunyakarn and Suantai [6] introduced the following a new iterative scheme for finding

a common fixed point of a finite family of strict pseudo-contractive mapping: for a point « € H and € H, let

{2, } and (¥ be the sequences defined iteratively by
y”=[j”xn + ( - /jn) Snxn’

X, l=any(a”u+ ( - a”)f(x”)) +(I— (x”A)y”,Vn > 1, (1.4)

where 1@} 18,1, {a 1€ [o. l]. They proved that the sequences (¥u! and ¥4 strongly converge to
N
= ﬂi:IF( )

In this paper, motivated by the idea of method [6], | prove a strong convergence theorem for finding a common
element of the set of solutions to equilibrium problems, the set of solutions to variational inequality problems, and
the set of solutions to fixed point problems of finite families of strictly pseudo-contractive mappings. The result of
this article can be especially useful in the field of engineering in terms of power systems, renewable energy, and
signal processing. Moreover, | give a numerical example to support my result.

Il. PRELIMINARIES

In this section, the following lemmas are important to prove our main result. LetP

onto Cie., forxe H, Px satisfies the property
||x— PCx" =min ”x— y”
yec .
Lemma 2.1 (See [7]) Given x € H and Y € C . Then

C be a metric projection of H

Pa=yelx-y,y-2)20, YzeC

Lemma 2.2 (See [8]) Let {s n} be a sequence of nonnegative real number satisfying
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N =( 1—a”)sn+ anﬁ”, Yn> 0,

n+1

where [an}’ {ﬁn} satisfy the conditions
o0

{a,}c [0,1}’ ”Z::l“f‘x"

lim sup f, <0 D a f <o
(i) n— oo or n=1 .

(i)

(III) Then n— oo .
Lemma 2.3 (See [8]) Let {s n} be a sequence of nonnegative real numbers satisfying

‘s'n+1=(1—an)s”+ 5n, Vn>0,

where {an} c (oD and {5n} is a sequence such that

[e0]
2 a,=o
(i) pp ,
[s,e]
limsup—ngo Z|5|<oo
(i) n— oo @, or n=1 "
lim snzO

Then n— oo .
Lemma 2.4 (See [7]) Let A:C — H be a mapping and u € C, then

u=pP_ (I- AM)usue VI(C,A) VA0
where PC is the metric projection of H onto C.
Lemma 2.5 (See [5]) Let A,B:C—H be a and £-inverse strongly monotone mappings, respectively, with
(1,/)7>O and VICC,A)NVI(C,B) # @ . Then
VI(C,aA+ (1—a)B) =VI(C,A) nVI(C,B), Va€(0,1).
Furthermore, if 0 <y <min{2a,2f3} then I — y( @A+ (1—a) B) js a nonexpansive mapping.
Lemma 2.6 (See [9]) Let S:C — C be amapping. If S is a x-strict pseudo-contractive mapping, then S satisfies the
Lipschitz condition
1+ «k
Isx=svll< ——le=>l. wryec
— K .

For solving the equilibrium problems for a bifunction F:Cx C — R, let us assume that satisfies the following
conditions:
(A1) F(x,x) =0, VxeC,
(A2) F is monotone, i.e., F(x,y) + F(y,x) <0, Vx,yeC,
(A3) Vx,y,z€ C,

Iim F(tz+ (1=t x,y) < F(x,y)

—07*

(A4) vxe C, ¥y~ F(x.y) is convex and lower semicontinuous.
Lemma 2.7 (See [1]) Let F:Cx C — R be a bifunction satisfying (A1)-(A4).

|
F(z,y) + —{y—2,z2—x)»>0, VYxeC 2.1)
r .

Lemma 2.8 (See [10]) Assume that F':Cx C — R satisfies (A1)-(A4). For r>0 and x € H, define a mapping

T:H=C o follows:

1
T:(x) :{:'E C:F(z,y) + 7(_\;— :,:—x>2 0, Vye C} (2.2)

for all z € H. Then, the following hold:
: T

(i)

(i) T, is firmly nonexpansive i.e.,

r is single-valued,
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[7,(0) =T (D[P {T(x) =T (y).x=y).Vx.yEH,

F( Tr) =EP(F) ’

(iii)
(iv) EP(F) is closed and convex.

(TN :C—>cC . : K. o :
Definition 2.9 (See [6]) Let Vi=1 be finite family of "i -strict pseudo-contractions. Let

aj:( ajl’ajzﬂj.%) SIXIXT pere I € [0, 11 ¥yt al+al=1vj=1.2, .. N Define the mapping S:C — C
as follows:
U0=I

— 1 1 1
Ul_a1T1U0+a2U0+a3]
— 2 2 2
Uz—alT2U1+a2Ul+a31
— 3 3 3
U —alT3U2+a2U2+a31

3

N-1 N-1 N-1
UN_l—a T UN_2+G:2 UN_2+013 1

—7] = N N
S—UN—aITNUN_I+a2UN_]+(131.

This mapping is called S-mapping generated by 7 1=+ Ty and @ 1- @2 -+ Xy,
TN :C=C . ) P . . .
Lemma 2.10 (See [6]) Let ' i=1 be finite family of ®i-strict pseudo-contractive mappings with
N
NFT)+a = = y
i=1 (7 and © max{xi'l 1’2""’N} and let % (al,az,a ) € IxIx1 ,Vi=12,....N where
1:[0,1], aJ1+aJ2+aé=1, aa'l,aée (x,1) , vji=1,2, N—=1 and al € (K,l], a'g’,alze [x, 1) ,
N
1 T T a.,a a F(S)=ﬁF(T,.)
Vi=1,2,...,N LetS be the mapping generated b” 1> -*=>* xand ¥ 1> ¥2 - =* ¥ n. Then i=1 and
S is a nonexpansive mapping.
N
TV :c>C NFT)# o
Lemma2.11 (See [11]) Let ' i=1 be finite family of nonexpansive mappings with i=1 and
= j . — i
let @;= (al’az’a3) CVji=12,....N  where afl,au'z,auge[O,l]l ail+(xf2+a13_1 , aflE(O,l) ,
. N i ol .
vi=1,2,...,N—1 @y €(0.1] abal€l0.1) vj=12 . N Lets be the mapping generated by
N
F(S)=NFT,
Ty Ty and ® 1> @20 -+ @y Then i=1 (7
I1l. MAIN RESULT

Theorem 3.1 Let C be a nonempty closed convex subset of a real Hilbert space H. For every i=1,2,...,n |et
FOXC—=R pe pifunctions satisfying (A1) - (A4). Let A+C 7R be @, inverse strongly monotones for all
i=1,2,...,n, with p.=(a’l,a2,a ) € IxIx I, Where1:[0’ 1], atagt a‘3:1’ ajtayse<l
ai,al,ale (0,1) N . . .

1’ foralli=1,2,....Nand let ' i=1be "i-strict pseudo-contractive mappings of C into

_ o i i i i iy i —
itself with 5P =12, . { } and Iet (al,az,a3) EIXIX[, where]:[o’l], (ll1+a12+als_1,

!+al<f<1 and ail’“l’a € (K’l) for all i=1,2,....,N . Let 4 be S -mapping generated by

PC(I 51A1) (1 5°A) (1 5NA) and PN PNn-1 P _where 0<5i_<2ai for all

i=1,2,....N . Let 55 be S-mapping generated by PPy P iand PvPy_1>--P 1. Assume that

, and
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N N N
F=NVI[CLAYNNF(PYNNEP(F)# @ ;

i=1 ( ') i1 (79 i=1 (£) and let the sequences *a! and “.} be generated by
U, x € C gng

Fi(l{{‘,t’) + .l

<v—uj’,ni’y—x”>20,fr)r allve Candi=1,2,....N,
n

(3.1)

in?

N
.\"H_1=a"rl+ﬁ”f’(,(1—i(a(l—.S'A)+(1—(1}(1—53)))x”+y”2 a.ul Yn>1,
i=1

for all > 1, where 19,1 18,1 {r,} € [0.1] with @t P, 7,=Lgor alne Nandae (0,1) Suppose
that the following conditions hold :

0
lim an=0 a, =00
(i) n— o and n=1 ,
(ii) Bo7,€ledlco) y,en
N
al.=l 0
(iii) nel  where 4~ Yforalli=1,2,...,N,
(iv) O<a<r,<b forallneN,
(v) A€ (0,1-x)
) ) 00
(Vl) Zl yn+]_yn <m’zl|an+l_an|<m’zl ﬁn+l_ﬂn|<oo
n= n= n= .

Then the sequence *»} converges strongly to < =F 5.

Proof. LetX.Y€ C. Since Ai are % i-inverse strongly monotones and
[ )x- (1= 34 )
=|e-y-s(ax-ay)|?
=[x y[2-26 {x—y, A x= AN+ 52 A x— Ay
< = yl2=2a8 A~ 4|2+ 824 x— 4y ]2
=l y[>+5 (8, 20)) |4 - A 5|7
< =] 3.2)

Thus, ( I=0A i) are nonexpansive mappings, for alli=1,2, ..., N, Hence, PC( I= 51‘4:‘) are nonexpansive

mappings, forall i=1,2, ..., N,
I will divide my proof into 5 steps.

8,< 20’;', I have

Step 1. | will show that the sequence {xn} is bounded. Since
1

Flul,v)]+—{(v—u’,ui—x ¥>0, flve Candi=1,2,...,N.

!(u” v) " <‘ L un ¥"> forallv and i

i =Ti EP(F. =F(Ti) ‘
ByLemma2.8,Ihaveu” rn(x”) and ( ’) "n) foralli=1,2,...,N,
N N N
eF=NVI{CANNF[PYNnNEP(F.
LetZ i=1 ( r) i=1( I) i=1 ( ')

Since PC( [=254 i) are nonexpansive mappings, forall i=1,2,..., N, By Lemma 2.4, 2.5, 2.10, 2.11, | get

ZE VI( C,a([—SA) + ( 1—a)(1—SB)).
From Lemma 2.4, | have
z=PC(I—/1(a(I—SA)+(l—a)(I—SB)))zl (3.3)

i
From nonexpansiveness of "» and (3.3), | have
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xri+ 1 Z"
N
(1”u+ ﬂnl’(‘( - /1( u( - .\'A) +(l—a) (I* SR))).\‘“+ Y”,zz:, “,“{,7 :H

Saﬂllu—z||+/5”||PC(I—A(a(I—SA) +( I—a)(I—SH)))x”—z"

e

i=1

+r

n

< a"”u— z||+ﬂn

< a”"u— Z||+( 1- u")

v, -2

7| (3.4)

x”—z||+ Y

.-
n

Putting J=max{||u— z", ||x' B Z”} By induction and (3.4), | have |xn_ Z" = J, forallne N,

It implies that ) and 145, are bounded, forall i=1,2, ..., N,
lim ||xn+l—x =0.
Step 2. I will show that n — o

M=a(I1-S )+ (1-a)(1-5,)

n

Putting . From the definition of {xn}, | get

||”n+ 1~ "(u||

N
o it P 1-2(a(1-8,) + (1=a) (1-5,)))x, 47, 2 aul
i=1

N
i=

—a”_lu+/f”_ IP(.(]—R(G(]—SA) +( l—n)(l—ﬁ'ﬂ))))\"_ Yo “,‘”,i,,|||

1

N N
-E‘a’_z.‘:l_ I|| + yuz a
i=

I|“:r_”j|—1||' (35)

< |u" —a, ,|Hu\| +5, ‘l‘ —x, |||+ ‘/1”7,11"7 . |||.I"{ (1-AM)x,_ l||+ |r"7 [ L|

=
Since "= lrn( x”) and the definition of Tl’n( x”) , | have

F(T]x,v)+ ri<» T, x, T x,—x,)20, WeC. (36)
Similarly,

FTE )+ — (=T Xy T X=X, )2 0.WEC 3.7

From (3.6) and (3.7), | obtain
Fl.(T" x,. 7L x )+rL<T;_ g

r.on’ L ontl n+l”

Tf".\”, Tj_"x” - x”> >0, (38)

1
(Toe T
+1

rn+1_rn+l>20' (39)

‘]":”x"] +

r
n

By (3.8) and (3.9), I get

1 . . 1
—<T’ X =Tix Tix —x >+
PR AR SR ' R

(Tix,=T xe Ty %,75,,,)20.

1 atl ntl

It follows that

i —x iy v
Ty-'” "\’rH 1 Au+ 1 Tr"" " '\n
rox, -7 x .. - =0
ron P nE ¥ r

n+1 n

This implies that
<‘r;mx” R L rr” ('r; e Ry ‘) >z 0. (310)

n+1

It follows that

i i 2
T x =T x |-

r

n
\TEox -Tix . T0 x -X - T x -x
< L T B N L B Fopi U e el Tal

p
n
.y _ iy —x
e An*’[l r }(Tr";f‘ﬂ!+] "n+1)
n
. —_ Vil 3 -y
B |'rr+| ’H“l’ﬂ a1 "ml"
il el

n+ 1
1 "
(T S (3.11)

i . — iy
<Jrt 5T

"

i . Ty . .
= "’ Pkl lr,"‘rr"(”'\n+l \r|||+

<

Then,

Ti _Ti
|lr’_““‘n+1 [t"‘tu
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‘ : 3.12
" . Sl P - i .
= |"n+l /\u“+ a |In+l I”|||M"+l xn+l||_ ( )

wl o —ut
n+1 n

Substituting (3.12) into (3.5), | have
o=l

<o, =, [lul+ 8,5, —x,_ |+ B, Ba | |Peti- 0%, |

N

Z aui N+ 7“‘2\' nr”u:_f ul l"
i=1 =1
<o,=a, [+ o, x|+ BB P et 0w,
N N
+ |y”— Yo ‘|‘|Z aul f+y, E n,(”.\“f.'("? I||+ %lr"— o I|H,‘1"’,x"||)
i=1 i=1
=|a,- rx"7||||u||+(1— rx”)"x”—,\"h NF 18, =B ||P =20, |
N V., N
+r=r.- ,|‘|§u,u;_ ‘|+ Tl""_ o ]|§ a fJui-x,|

= |”u”’n—||M|+( l’”n) ”xu’xn— |||’L |ﬂyfﬁn— 1|M|

T PR [ ST (3.13)

Rl

N N

M_l=max{||u||,||xn||, auill X afui-x, ]
where nenN i=1 i=1 .
From Lemma 2.3, (3.13), and the conditions (i)-(vi), | obtain

lim |xn+1—xn |=0 (3.14)
n— oo .
lim ||u;-xn =0 lim ||PC(I—/1M) xn—xn":O

Step3. | will show that n—o and n— o ,  where

M=G(I—SA)+(1_a)(I_SB),foralla€(0’1)-

oul=T! (x ) Ti ) .
Since " "ah % and  Tais firmly nonexpansive mappings, | have

—Ti 2_|I7i —Ti 2 l i o2 —o2Z T o — 12
||Z Tr"xn Tr”xn Tr"Xn" = 2( Tj’"}ﬁl Z” + ||X” Z|| Ti‘”xn e )’
then
i— |2 - 2_ i 2
e (3.19)

From Lemma 2.5, (3.15), and the definition of {xn}, I have
N

x —:||2+y E u,||u"—:||2
n n i n

i=1

N

2 o
wr,2a( -z
i1
N
x 72"27}/ Za."u"fx ||2
n ”' ] ! n n
=

||’[n+ = :”25 a”"u— z||2+/5

n

<a |lu-z|2+p “,\ -z
n al¥n

2- "LH -x
n *n

)

< (t”"u*2"2+

Hence

N
Py
Y”EI ai"uu '\nl
i=

‘<a flu- 2|2+ .= 2>~

X”+ 1 Z"Z
e flu= 2P+ e, = = 2]+ ).
By (3.14), (3.16), and the condition (i), | have
lim ||uf —-x ||=0, (3.17)

n

n .
n— oo foral|l=l72:-":N.

7

n+l—

From the nonexpansiveness ofP c, | obtain
||P(.( I- M) x, ~z

< ”x”— 7— ﬂ( Mx”— Mz) uz

< ||xn - z”l— 22 <x" -z, Mx”— Mz>+ ||/1( Mx”— Mz.) ||2 (3.18)
From (3.18), | have

|Pcci— a2

< ”x”— z[|? - A”Mx”— Mz|

24 22| px, — Mz ?

:“xn— z |2— A(1=2) ”Mxn— Mz"z’

(3.19)
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By the definition of *» and (3.19), I get

2

ne1 %
<a lu=zl?+p [, - 2P - 21=2) |Mx, - Mz|P]+ 7, o, - 22
<afu= 2|+ |x, = 2> 4p,0 1= 2) |Mx,— Mz,

Then
i, (1= 4 ||mx, - aaz|?

|+

2

<a fu-z]2+ .= 2)*- -z

xn+l

et Ju= el o, =, (a2l +

|xn+1‘ Zu) . (3.20)

From (3.14), (3.20), and the condition (i), | have
lim ||Mxn— Mz" =0 (3.21)
n— oo .
From the definition OfPC( I-iM) and Lemma 2.5, | have
|Peci-ann x|
< |Poi—aMyx, = P (1 M) z|?
< %( Feum P+ P = 5, = 2= e, = P (1= M) x, = A v, = M2) |F)
< %( b= 2P+ [Pt r= 2005, = 2= e, = P 1=ty x, )
3 (o et e, ).

It follows that

|Pti-ammre, =<2 <, =2~ fr, = P otr -0 [+ 22 - P (1= aM x| [[x, - 2|

| (3.22)
By the definition of *» , (3.22), and the nonexpansiveness of tru, I get
x - z)?
"5 (:nl||u—|z||2+/5”||PC(I—/lM)xn— 2|+,
< (1"||u -2+ /3”[ |x” - z||3— ”xn =P (1= M) xnuz]
+2p Alx, = P (1= 20y x | [Max, = Mz + 7 ¢, - =[]
<a fu=zlP+ |x, - 2|2 8, x,— P12 x |2
+22||x, = P (1= 2M) x ||| Mx, - Mz,

then
ol Peci- s,

< an”u— z||2+ ||xn— z||2— ”xn+ = z”2+ 2&||xn— P (I—-iM) xn””Mx"— Mz”
B T
+24x, = P (1= M) x ||[|Mx - Mz]). (3.23)

From condition (i), (3.14), (3.21), and (3.23), | obtain
lim ”xn— P (1= iM) x” =0 (3.24)

2

X —2Z
n

|z

xn+l_xn

lim sup<u—g,xn—g>§ 0 g
Step 4. 1 will show that n— ,where <= g,

X
Takeasubsequenc_e{ ”k} of {xn}, suchthat
i —Ix ==k —7x — 3.25
}lin:osup<u Z,x, z> ,,_1,120 <u X, z> (3.25)

—_

X (4
Without loss of generality, | may assume that "« ask— co ,whereve C.

ut —op . _
From (3.17), | have "« ask— oo foralli=1,2,....N Assumethat % £ (/= 4M) v

WhereMza(]_ SA) +(1- a)(l_ SB) .

By the nonexpansiveness of}D U= AM) , (3.24), and Opial’s property, I have
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lim inf ”xn - v||< lim inf
k— co K k— o

< lim mf( |

k— oo

Xy, = P1= M) v"

X - U|D .
ny

This is a contradiction, then | have
ve F(PC(I—/IM)). (3.26)

From Lemma 2.4, Lemma 2.5, and Lemma 2.11, | have
F(P(1-2(a(1-5,)+(1-a)(1-5,)))) =VI(C.(1-5,))nVI(C.(I-S5,))
N N
=NVIC.A)nNF(P).
i=1 ( ’) ) i=1 (72 (3.27)
From (3.26) and (3.27), | have
N N

ve N W( C,Ai) NNF(P).
i=1 i=1

Since
) 1 .
Fupw)+ = (w=uluy—x, 320,
n

forallwe Candi=1,2,...,N By (A2), | get
1 L .
r—<w—u;,ufj—xﬂ>2Fﬂ.(u;,w), vwe C.
n

In particular

o1 . .
<w— ufnk, ?( M:’k_x”k) >ZF1-( M;k,w) )
k
forallwe Candi=1,2,....N,
From (A4) and (3.17), | have

Fi( w,v) <0, (3.28)

forallwe Candi=1,2,...,N,
Let#, =+ (1=00 g5 017€ (0,11 | have ¥, € C
and from (A1), (A4), and (3.28), | get

0=F[(ul,u,) StF[.(ul,w)+(1—t) F[.(ul,u)sti(ul,w),

foralli=1,2,...,N,

Hence, F/i(w+ (1=Dv.w) 20 ¢ a1re (0,11 we C.

Letting £ — 0% and using assumption (A3), | can conclude that
F.(v,w) <0,

foralwe Candi=1,2,...,N,
N

ve N EP( F.
Therefore, i=1 . Hence,ve .

—

X (4
Since and v € #, | have
lim .i‘lfP(!l -z X, = .:> =Al_i'n;7 <u - E,,\'ni - :> ={u-z,0-2)<0. (3_29)

n—o

lim x =z ~_p
Step5.  Finally, I show that »— o , where £ = g,

P (I—iM)

By nonexpansive of , | have

x 2

Z

a+ 1l

N
(I”( “= ?) +ﬁn( P(.'( - M) Iir_ ;) + rn(z uiu:.l_ ?]

i=1

2

(3.30)
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N

12
E aun' —z
1 rn
i=1

(l—aﬂ ||x —4”24- Zan<u—z,xn+|—z>.

From (3.29) and Lemma 2.2, | have {xn} converges strongly to
This completes the proof of Theorem 3.1. ]

<B|(PCi-amyx = 2) P+, +2a (u-Tx,, - 7)

z=Pgu

IVV. EXAMPLE AND NUMERICAL RESULT

Example 41  LetR be the set of real numbers, and let <+ - - >:RX R—R pe an inner product defined by

<XJ’>=X'J’, for all X.¥ € R and let a usual norm \| ":R_’R be defined by ||x||=|x|, for all x€ R. Let
H=R and C=[~50,50] ror everyi=1,2,...,N let F:[=50,50]x [~ 50,50] = [ 50, 50] ¢ gefined by

F.(x,y) =i(—5x2+4xy+y2), forall X, YE R
LetA[=50.50] = [ 50, 50] 1o efineg by

2x
A(x)=—

3i, forallxe R,
Let Pi[=50,50] = [~ 50.50] 1. defined by

P(x) ="
2i, forallxe R,
N N N
Nvi(c,A mﬂFP NN EP(F)={0}
Thenll( ) ()!1()

Letue Cand ¥, {”n} be the sequences generated by (3.1), for all i=1,2, ..., N By the definition of Fil
have

0< Fl.(ufq,v) + %(v—u;,u”;—xn)

n
foralli=1,2,...,Nandne N.

Choose "n =1, I get

0< F'.( u:}. l-') + %<l — u i —x

n n

=i[— 5(ul) 2+ duiv+ v2]+(v— uf)(u;T—x )

=—5.4( )2+4m v+wz+u VX v—( ) +x ul
—tv2+((l+4z)u'—x)v+(‘5:—l)(u')2+x ul.

non

Let @0 =iv>+ (144D = x Jve (=5i= 1) () >+ x 41 O(v) s g quadratic function of v with coefficient

-b=(1+4z)u;—x”c—(— z—l)( ) +x ul

a=i, . Determine the discriminant A of @ as follows:

A =b2— dac
=[( 1+ 4i) ujl—xn]z—4( i) ((—55— l)(ufﬂ)2+x“ufj)
=((6i+ Dui=x,)2%
| know that @(v) = 0, Vv e R. If it has at most one solution in R, then A < 0, so | obtain that

i 4.1)
oG+l
foralli=1,2,...,N,
1 3n—1 Tn—1 1 1 S 11 1
a =— f = y = A=— ag=— _ =(al,al,al =(_’_’_)
Pt " 52, " lon " 10n , 3, 2,5,-—2,"1(1 > ) 3°3°3) and

_ — 11
Iyl gl = — — —
p,= (a az,aq) (4’4’2)’f0ra”i=l’2""’N'

From (4.1), | rewrite (3.1) as follows:
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1 3n-1 1(1 !
. 1:[;)u+ (WJP[_SMUJ(h ;(5(1— S,)+ 3(17 S5) ]]x

N
Tn—1 1 1 1 X
+= | —+—+ : (4.2)
1on )&=\ 30 2N 2N3N J6i+ 1

It is clear that the sequences {an}, {‘Bn}, and {Yn} satisfy all the conditions of Theorem 3.1, | can conclude that

the sequences {xn} and {”fn} converge strongly to 0. Table 1 and Figure 1 show the values of the sequences {”Z}
and %,,), where u=1and 1= 10,

(1]

[2]

(31

[4]

[5]

(6]

(71
(8]

i _
TablelThevaIuesof{un} and {xn} withu=1%17 10, andn=N=50

n uin xn

1 0.033223 10

2 0.007992 2.405524

3 0.002437 0.733438
25 0.000042 0.012541
48 0.000021 0.006374
49 0.000021 0.006241
50 0.000020 0.006113

10 20 30 10
n

i —
Figure 1 The convergence of {un} and {xn} withu=1,%17 10, andn=N=50
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