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Abstract: -. In information geometry, a divergence measure is a type of statistical distance and a binary function which established the
separation from one probability distribution to another on a statistical numerous. The basic use of divergence measure is statistical

data processing, information storage, decision making etc. The most famous inequality regarding the integral mean
of a convex function is HermiteAHadamard's inequality and the weighted version of this is called the Hermite-Hadamard-Fejér inequality.
Purpose of this paper is to find Hermaite-Hadamard and Hermite-Hadamard Fejer type inequalities for new f-divergence measure with the
help of conformable fractional integrals. Hermaite-Hadamard inequality gives us necessary and sufficient condition for a function must be
convex. Here we consider the new f-divergence measure, it has the property of convexity. In this research article we drive some inequalities
for t-convex function which gives us the extensions of the previous work for convex and t-convex function and also obtains some fractional
midpoint type inequalities. The main purpose of this paper is to establish conformal fractional approximation of Hermaite-Hadamard and
Hermite-Hadamard Fejer type inequalities for new f-divergence measure which close the fractional integral and the Riemann-Liouville
integrable into single form,also gives us some new results for 1/ -Riemann-Liouville integral as special cases of main results. This article

gives us most useful link between convexity and symmetry.

Keywords: Hermite-Hadamard inequality, Hermite-Hadamard Fejer type inequality, Riemann-Liouville fractional integral,
new f-divergence measure, t-convex function, conformable fraction integral.

I.INTRODUCTION

In the literature of information theory inequalities play a useful role in finding the relations between divergence
measures, bounds, coding, and various field. Various mathematicians have used various types of inequalities. The
Hermite-Hadamard inequality is one of the most significant inequality. Initially it was discovered by Hermite and
afterward by Hadamard. Here , giving some examples of these type of inequalities

Fractional Hermite-Hadamard-Fejer inequalities for a convex function with respect to an increasing function [1].
New extension of Hermite —Hadamard inequalities for generalized fractional integrals [2]. Improvement of
fractional Hermite-Hadamard type inequality for conves function [3]. Hermite-Hadamard-fejer type inequalities
for p-convex function via fractional integral [4]. New inequalities on Fejer and Hermite-Hadamard type
inequalities involving h-convex function and applications [5]. Hermite-Hadamard-fejer type fractional inequalies
for convex function [6]. Hermite-Hadamard-fejer type inequalities for the p-convex function via a-generator
[7].In the present article we will present some HH and HH-F inequalities for new f-divergence measure with the
support of conformable fractional integral.

A function 77 defined M —Rand m,m, e M, | €[0,1] is known as convex if the relation holds.

n(Im +(1-1)m,) <lz(m)+(1-1)7(m,) (1)
Many authors have given the importance of convex functions and their generalizations of the convex functions.
The Hermite-Hadamard inequality defined in the interval.

wm)_ 1% _n(my)+7(m,)
,7(”‘12 j_(mz—ml)r;[ﬂ(s)(]ls_77 277 @

. . . . . m, +m .
Here the function 7 is nonnegative symmetric and integrable also. to % , known as Hermite-Hadamard-

Fejer inequality. Further generalization of the inequality (2) and (3) in the different ways not only classical integral
vm,m, € M With m < m, . Then the following inequality proved by Fejer. [8 ].
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m, +m, | 1 n(my)+n(m,)
n[—j n(s)ds < n(s)n(s)ds < TR0 [ () ds ®3)
2 n{ m, —m, nj; 2 n{
but also other generalized as Riemann-Liouville integrable, y -Riemann-Liouville and conformable fractional

integral etc.

Definitionl [8, 9]
Let the interval M < (0,0)and t e R \{0}. Then the function 77: M — Rcalled t-convex if

n(pm; +(1-nm]" < In(ml)+(1—l)77(m2)) 4)

vm,m, eM And | €[0,1]
Definition2 [10]
Let e L(ml,mz)the left and right sided in the Reiman-Liouville fraction integrable J°.nand J° » of order

0 eCwith R(0)>0and m,>m, >0are given by
J° n(s)zLJS'(s—w)Hn(w)dw s>m
my r(a) ' 1
m
And
Jon(s)= LT(W—S)Hn(w)dW s<m
" r( ’ 2
Respectively, where 1" (.) be known as gamma function. The conformal fractional integral as follows.

Definition3 [11]
Leto e(n,n+1]and y = o—n.then the left and right sided conformable fractional integrals of order 0 > Qare

given by
13 n -1
Jj‘in(s)=—.|'(s—w) (w=—m,)"" n(w)dw
[,
And

rn(s)= érff (w—s)"(m, —w)"" 7 (w)dw

Respectively
= For o=n+1then =1

Where n=0,1,2,........... and in this case conformable fraction integrals becomes Riemann- Liouville fractional
integrals. The classical beta function and hypergeometric function are defined, respectively, by
1
n(m,m,)= J'w”‘l’l (1—W)mz’l ds

0

and
L (m,my;s,w) = ;jsmﬂ (1-s) ™" (1-sw) "ds
B (m,s—m,)q

Withs >m, > 0,[w|<1.
This is known as incomplete beta function.

P (rTh,mz):jw"‘v1 1-w)""dw , we[01]

The classical beta function and the incomplete beta function is given as follows.

B (ml’mZ): B (ml’m2)+ﬂll—s (ml-mz)

Definition4 [12] New f-divergence measure and its properties is given by

S (P,Q)=Zn‘,qif[wj

= 20,
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A function f defined as [0,0) — R is the convex, then we have the following inequality S (P,Q)=> f (1)

I.LHERMITE-HADAMARD INEQUALITIES

In this section, Established Hermite-Hadamard inequalities for new f-divergence measure with the help of
conformable fraction integral mapping.

Theorem1l [13]
Let 7:[m,m,]=(0,0) - R (heren7 =5, (p,q) ) is a t-convex function such that 77 € L[m;,m,] ando>0. Then

Fort >0, we have

t I}[/ t+ mt
”Hml} J o o e o] 2L

zmg T 2lo-n (m; -m! 2

Here ¢(s)= svse [mi,m; ]
i.Fort <0,we have

t t }t/ -
mznﬁmﬁmz} } ro+1 tmz t)[m(”(‘b))m;”om;('7(¢)m§)]sw

2m; T 2ro-n (ml -m! 2
(6)
Here (p(S):S%VSe[m;,m;J
Proof
n be a t-convex function on[m,,m, |, we have
a+0 " |_(n(@)+n(b)
by| |22 | |<| RETTD)
2b' 2
Now take a' =Im; +(1-1)m, and b' = (1-1)m; +Im; with | €[0,1] then we get
Cem T I + (1= m P+ n[(@=1ym +Im ¢
mzn[{mlz;tmz} ]Sﬂ[ml (1-1ym; ] 2’7[( )m; +Im; | @)
2

Multiplying with él” (l—I)"’"’l equation (7), Herel €(0,1),0 >0, on both sides and integrating about k over

[0,1] then we have

%nﬂ@rﬁl (1-1)"""dl slniln (1—|)“‘”‘177([|m; +(l—|)m;]%jdl

+éi|"(1_|)”“n([(l—l)mi +lm£]%j=l1‘+lé ®)

By putting the value s =Im; +(1-1)m, we have

I; =é_:[|” (1—|)"’”’177([|m; +(1—I)m;]%jdl

1% s—m} jn[ s—m. ]O_H ds
=TA t t 1- t t n(¢ t t
mm;(ml_mz m —m ( ( ))ml_mz
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-3 (n(4)) () ©
(m —m)

By putting s =Im, +(1-1)m; , we have

I :Hl”(l—l)““n(pm; +(1—|)m;]%jd|

me[ s O

= [ (s (m—u) ™ (o (9))) s

_ t t
= ————myJ, (n(¢(s)))(m}) (10)
(mj —m})
Now putting the value of |1' and |, in the equation (9), the first inequality of (5) is prove, for other inequality,
we note that,

n([lm; +(1—I)m;]%j+n([lm; +(1—I)rrﬂ%)s[77(ml)+;7(m2)] (11)
Multiplying with él” (1—I)”’"’1, herel €(0,1),0>0, on both sides and then integrating about | over [0,1],
hence the inequality (11). This completes the proof.

Lemmal
Suppose 7 :[m,,m,] < (0,0) — R be a differentiable function on (m,,m,) with m < m,such that,

I.For t >0, we have

A, (m,m,; 8;3)= m{m;t;nr;lj!ﬂl_, (n+Lo-n)-4 (n+Lo-n) xA%n’ ([Im; +(1—I)m;]%jdl

(12)

Here A =[Im; +(1-1)m;] and ,A, (m;,m,;0;/;J)

:ﬁ(n+l,o—n)£n(n]l);n(m2)j_ 7 o 7 {JZ‘{ (n(¢(m£)))+J?En[¢Cm

m, —m,

I1.For t <0, we have
A,](ml,mz:ﬂ;J;l)=m2(m; _m;]_l[ﬂ, (n+Lo-n)-4_ (n+Lo-n) xB,%q'([lm; +(1—I)m1‘}%jdl

2tm,
(13)

ﬂ(ml)+f7(mz)j

2

Here B, =[Im; +(1-1)m; | and ZA,](ml,mz;o;ﬁ;J)=,3(n+1,o—n)(
ity ()32 (n ()

Proof

consider Jl'/}l'f, (n+Lo-n)-4 (n+Lo-n) A%*ln' [Imi +(l—|)m;:|% dl

_J'ﬁll(n+lo n)A‘ q[(lm +(1-1)m}) Ml - jﬁ, (n+1,0- n)AJ 77[(|m +(1-1)m )}/]dl

=L -1, 14
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Using by part integration then we have

I; :Jl'ﬂl'_, (n+Lo-n)-4(n +1,o—n)A%7177' [Imi +(1—I)m§]% dl

=i[1£| 1s"”lds]A‘ ([|n1;+(1—|)m;]%jdl

tm} i o= A
-——=2_p(n+Lo-n 2 ) o (I +(-1)m )dl
m, —m, ( ) mz ml'([ ml ( ) ]
t tom t " "
T p(nito-nyr(m) - 1o A [ ] nlet),,
m, — m, — mb ml_mz m1_m2 ml_mz
tm; mm; mt t
=———=p(n+Lo-n)p(m,)-——=7 3 n(S(m (15)
N e L)

Similarly, we have

VN

- iUs (1-s)"" ds}f ([lm; +(1—|)m;]%jd|

0

__gﬁLTﬁ(n+Lo—n) : m, jP(l D (Dnﬁ+ (1 D”]T/}

m, —m mz
- p (n+to-n)n(m) e T( e (t(x)t) a9
m, —m; m1 mz mz m, —m,

Substituting values of |, and |, in the equation (14) and multiplying with —2——= m , We get

Second proof is similar to first.

Theorem 2

Let 77:[m;,m,] < (0,%0) > R be a differentiable function on (m,,m,) with m,_<m,such that 7° € L[m;,m, ] and
o>0.if |77’ |q , Where q>1is a convex function, then

i.Fort >0, we have

1A, (my,my;0,8;)| < %zlfa(an'(n\l)Iqwz I (m,)|° )% (17)

x=B(n+Lo-n+1)-B(n+Lo-n)+B(n+2,0-n)

m;" 1
2= 2F1[1—¥,2;3;1 mjAnd

m

2 g

;" 1., M
7= 25[1—{,1,3,1 m—;}

ii.Fort <0, we have

S
s =S AUV

s =/;’(n+1,o—n+1)—/3(n+2,o—n)

1-t

m t

Zo=—2 pl1-lrz M
2 t m,

(18)

And
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t-1
m2 1 m
= Fl|1->,231-—2
ZS 2 l[ t m;j

Proof
i A = [Imlt +(1—I)m§] Applying the Lemma 1, power mean inequality and t-convexity of ‘77‘ , we find

2tmmlj{ﬂ1I (n+Lo-n)-p (n+Lo- “)XA‘ ([lmh(l—l)m;]%jm‘

A, (m,m,;0:8:3) =

t

: K

< 2t‘ @ B (n+Lo-n) ﬂ,(n+1,o—n)}d|]
0

m; l}/ (At q Q/%
<= o qHA' [|’7'(ml)| +(1—|)|77'(m2)|] le

t

1 a %
[ Im; +(1—I)m;]%‘ dlj

=M s q g 97/
=T Ml )l (] (19

Where

7= j'(ﬁl,(n+1o n)-A (n+Lo-n))dl

- i&l $" (1-s)" " ds]dl +ms” (1—s)°”1jd|

1

+_1[I(1—I)°_"'1dl

1, mlﬁt 1 t
And ;(zzj(l—l),o,t dl :TZ 2F1(1—¥,1;3;1—QJ
0

Hence the proof
Proof (ii) is similar to (i)

Theorem3

Let 7:[m,m,]<(0,0) >R is a differentiable function on (m;,m,) with the relation m <m, such that

n eL(m,m,)and 0>0.if |77'|q , where g >1is a t-convex function then for t >0 ,we have

7 (m))*

t t

mi-m e
2t P ((pl P)

1-t t

2

LA, (M m,;0;8:0)| <

7 (m)|+(ps—p2)

n :%ﬂ(n+l,o—n+2)
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A :%ﬂ(n+l,o—n)—ﬁ(n+3,o—n)

s :%ﬂ(n+2,o—n+1)—%ﬂ(n+1,o—n+2)
And

%= A(n+1o-n)+-p(n+3.0-n)- f(n+20-n)

Proof

Applying the result of Lemmal, power mean inequality and t-convex of |77'|q we have

t t

“TLf g, (n2.0-m)- 4 (n Lo A oy (imd+(1- 1) ) d

2tm,

m,

LA, (M, m,;0;8:3)|

M- ”‘I(A}“dl)ll U{ﬂl_l(nﬂ,o—n)—ﬂ,(n+1,o—n)}

2tm, 0

[ Im; +(1—I)m;]%rdlj%

e b
S%x Q[.!{ﬁl_l(m—l,o—n) A (n+Lo-n)}x| 1y (m,)f (1—I)|77*(m2)ﬂdlj
< (2l () (- 2 () ]) )

Where
1 }71 ml—t 1 mt
=|A =—2 F|1--1,21-—2

7 ::[I,Bl_,(n+l,o—n)dl :%ﬂ(n+1,o—n+2) 7 :j'lﬂ, (n+1,o—n):%(ﬂ(n+1,o—n)—ﬂ(n+3,o—n))

0

s :_l[(l—l)ﬂl_I (n+1,o—n):ﬁ(n+2,0—n+1)—%ﬁ(n+1,0—n+2)

And
1
:.[(1—I)/3I (n+Lo-n)dl
0
1 1
:Eﬂ(n+l,o—n)+§ﬁ(n+3,o—n)—ﬂ(n+3,0—n)
Hence the proof.

Theorem4
Let 7:[m,m,]<(0,0) >R is a differentiable function on (m;,m,) with the relation m <m, such that

. : .11 .
7 eL(m,m,)ando>0 .|f|77'|q , where g,l >1 with the relation a+— =1,is a t-convex function then

|1An(ny,mz;o;ﬂ;\])|sﬁw%(wl‘n-(ml)Q‘+w2|77'(m2)|)%' (21)
Here
% 1-a
w= Zj{js” (1- s””lds]dl ,
0 a
W = 2 1[q( :)’2;3; _ﬂ:j
2
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mQ(l’t) 1 t
W, == — R, q[l—;),];S;l—%
2

Proof
let A = [Iwi +(1—I)m;] here applying the Lemmal, Holder’s inequality, and t-convexity of |77’|q , we have

1

J{,[;’H (n+L0-n)-4(n +1,o—n)}

0

Ay (Dm; +(1—|)m;]%jd|

t t
m, —m,

()|

Mo (.hﬂl' (n+Lo-n)-p (n+Lo-n)

2tm,
1 1 1 q %
X(J‘ AQ(T ] dIJ

e%J

p[im! +(2-1)me T¢

L Ll Y% (w1|77‘ (ml)|q +wly (m, )|q) (22)
Where

w= '1”/31,. (n+Lo-n)-4(n +1,o—n)|e dl

12
= _HﬁH (n+Lo0-n)-4 (n+1,o—n)|e dl

+j|/3, (n+L0-n)-B,, (n+Lo-n) dl

%

[T & (1-s) " ds]e di + j ( 'j s (1-s) " dsT d

%

1. q(1-t) t
w — 14T l)dlzmzz zFl[q(l—%j,z;a;l—ﬂtJ

2
Proof is completed.

ILINEQUALITY OF HERMITE-HADAMARD-FEJER

In this section of paper, we established Hermite-Hadamard Fejer inequalities for new f-divergence measure with
the help of conformable fraction integral mapping.

Definition5 [14]

t
2

t t
Let the teR\{0} .A function #»:[m,m,]<(0,0c)—>R is called t-symmetric around {ml;mﬂ if
— t t_ At }t/ t ot
n(a)=n|[m+m;-a] vae[mj,m |
Using this result prove the following Lemma.
Lemma2
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t
2

t t }I/
Lett e R\{0}. If 7:[m;,m,] = (0,%0) = R be a integrable and t-symmetric with {ml +m2} , then

i.Fort >0, have this result.

3 (n(9))(m; ) = 35% (n(#))(m;)
= S[3 (@) (m) 35 (n(9)) () @
With 0>0 and ¢(s)=s vse[mi,m; ]
ii.Lemma 2 for t <0, then we have
35 (n(@))(mi) = 35 (n(#))(mz)
[ @) M)+ @e)m)] e

Proof

t

m; +m; d Yy
Since 77 be a t-symmetric around 2—12 , using the definition n(a)zn*([mi +m;—at]t)
m2

va e[ m{,m; | now set the variable s =m} +m; —a

Gives
t oL e x
32 (r@)(m) = g ] (=) (s [ s
LI ;—a)On 77([mﬁm;—a])da
{5 o) ()" n(a Joa =7 () () @)

The proof is completed.

(i) Proof is similar to (i).
Corollary 1

by the assumption of lemma 3

1. If t =1in (i) the result is

m; 1 m
3n(my) =35 (m) =2 [ 35 (my)+ 377 (m,) | (26)
2. If t=—1in (ii) then we have

)= )2 mamism()] e

Theorem4 [15]
Lett e R\{0}. If 7:[m,,m,] < (0,%0) — R be a t-convex function with the inequality m, <m,and 77 € [m,, m, ]

¢ A
Jif 7:[m;,m,] = R\{0} — R be a non-negative integrable and t-symmetric around the{ml;t 2 } , then
m2
a) For t >0have following inequality

t t }t/
nﬁml;ngnz} }[Jomf (n(#))(m3)+ 35 (n(9))(m) |
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IO ) ) 0 ) )] )

With o>0and ¢(a)= a’vae [m;,m; |
b) t <0, following inequalities

»{{%Dm<n<¢>>(w)+aﬁ<n<¢>>(mz>]
<ot (r(9) () 95 (1) ()]
<2 )*”(mz)[J:"z<n(¢>><na>+J:*<n<¢>><m;>] @)

2m

Proof
n be a t-convex on [m,, m, ] then we have,

nﬂa‘ ;b‘ }%JS q(a);-n(b)

Now take the values a' =Im; +(1-1)m, and b' = (1—-I)m; +Im; for | €(0,1), then we get,

30
2m; 2 (30)

i {mm;mgn[mw(l—nm;]% enf-ym+im ]

Multiplying this equation by él” (1=1)"" g Im; +(1-1)m }y on both sides, 0 >0 and then integrating about

| over the [0,1], we obtain

X
E Hml +m2} JII (1=1)°"" [ Im; +(1-1)m} ]dl

Sii'”(l—')“l [im +@—1)m T p[im +@-1yms ] a
+ii'"(l—')o”177[(1—|)mi+|m§]%77[lrn{+(1—I)m;]%d| (31)

m; +m; X
Since 771is a non-negative integrable and t-symmetric with respect to —tz , then,

2m,
of[int s -ym T )= nfim + -gm

Now choose the s =Im; +(1-1)m;, , then,

t }/mz
2m} {m +ml} " (\o-n-1
=1 m, —s) (s—m] ds
(s " m | J%7 )

e e
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+'[(s—mf)(m;—s)HH77(5%)77[@+m§—s]]/t ds (32)

by the lemma2 we have

t t t %
( T ‘)nﬂ”‘l*[“ﬂ ][Jsﬁ ((#))(m)+ 32 (n(9)) (m) |

ml _mz 2m2

L )+ 2 ) )

) (mi —m,
This result completes the inequality (28) and for the second inequality, if 77 is a t-convex function then we have,

n([lm; +(1—|)m;]%j+n([|m; +(1—I)mﬂ%)£[77(ml)+n(mz)] (34)
Multiplying by él” (1—I)°'“_l([lm; +(1=1)m; ]%j on both side of the equation (34) and integrating about |

over [0 1] then we have

iu)"“([ +(=nm T ([ + 2= 1yme J)a

In
1 1 n o-n-1 t t
+E£| (1-1) ([Im +a-Nm T pimt +@-1)m Z}ydlj
s[q(ml)m(mz)]éjln(l— Fop[im - ]l (35)
That is
[ n(o(m)) 35 (o (m))
(mj—m)
1 77(ml)+77(m2) A t mp t
S(m;—mi){ 5 }[J:‘lnw(mz))wo n(o(m))] @)
The proof is complete.
(i) proof is similar to of (i).
Corollary2
Under the assumption of theorem4
1. If t=1 then
n(MJ[JQ“n m, )+ 32 (m) <[ 30 (i (m, )+ 3nmy ((m,)) ]
ml + 2 m,
< 7m)+n(m,) )2'7 )[J"‘l )+ 37 (m,)] (37)
2. If t =—1 then

A o ) )
) )
AP )] oo

Lemma3
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Let t e R\{0} If 7:[m;,m,] < (0,0) — R be adifferential function and 7 €[m,,m, ] if 7:[m;,m,]< R\{0} >R

t t

K
be a non-negative integrable and t-symmetric around the {%} then
m2

a) t >0, following inequalities

2 ) g5t () (k) 2 () ()

Lozt @)m)) -3l (9)(m))]

t
X my
1

EI J =) (y=mt)" o)y ] (y=mi) (m —y)"”ln(qﬁ(y))dy}

' (4(x))ix (39)
With 0>0 and ga(a):a%Vae[m;,m;]
b) t <0 , following inequalities
M[J:@ (n(@)(md)+ 35 (n(#)(m)) ]
(38 (9)(m))+ 35 (i () (md) |
siﬂ[(m;—y) (y=m) " (o) v | (y=me) (mi=y)™" n(6(y))
7 (PO o
Where qz)(a) = a%Va € [m;,mi]
Proof
A - j{f (m} —y)n(y—mI)°"lﬂ(¢(y))dy}7(¢(X))dX

t
2

-] ﬁ (y=mi)'(m-y)™" 77(415(3/))0|3/J77(¢5(X))dx

t

3

=1 -1, (41)
Integrating by part and using the result of Lemma3 we get

|i=U (mé—y)"(y—nﬁ)o_n_lﬂ(¢(y))dy}7(¢(><))

m;

m

R

; {j (m;—y)”(y—m;)"‘“‘ln<¢<y))dan(¢(x>) =In[ n((m)) 35 (¢ (ms)) = 35 (mn (¢ (ms)) |
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==L arn (p(md))+ 35 (¢(md))+ 95 (n (#(m! )} (43)

By the equation (42) and (43)

=11,

=M{M{J?n(¢(mé)

L35t (n(o(ms)))+ 355 (n (o

Multiplying the equation (44) by

~——

+Jé"5n(¢(mi))}}
m! )))} (44)

, then we get the equation (40)

—

==

(ii) proof is similar to that (i).

CONCLUSION
In this research paper we present the basic facts of HH and HH-f inequality for convex function and established
some contribution of inequality theory and probability theory from the perspective of applications.
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