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This paper details the Multiobjective Differential Evolution algorithm (MODE) using crowding 
distance for the sizing of analog circuits. MODE is used to compute the Pareto front of a bi-
objective optimization problem, namely maximizing the high current cut-off frequency and 
minimizing the parasitic input resistance of a second generation current conveyor. To highlight 
performances of MODE, comparisons with the non-sorting genetic algorithm (NSGA-II) were 
performed. These comparisons show that MODE outperforms NSGA-II in terms of quality of 
the optimal solutions, diversity of those solutions along the Pareto front, and computing time. 
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1. Introduction 

 

The issue of analog electronic circuits’ design, sizing and performance optimization 

continues to attract substantial attention of analog designers. This is mainly due to the 

ceaseless demand for high performance electronic circuits: lower power consumption, 

smaller occupied area, larger number of implemented options, etc.  [1]. In general, analog 

circuits’ sizing is a time-consuming, tedious and iterative manual process which relies on 

designer intuition and experience. In this regard, and because of their design complexity, 

automating analog components’ sizing procedure is an important issue towards being able 

to rapidly design true high performance circuits [2]. Nowadays, metaheuristics are widely 

used for these purposes, such as Simulated Annealing (SA), Particle Swarm Optimization 

(PSO), Genetic Algorithms (GA), see for instance [3]. 

In this paper, we propose to use the Multiobjective Differential Evolution algorithm 

(MODE) for the optimal design of analog circuits, more precisely the CMOS second 

generation current conveyor considered in [4], and we present a comparison with the non-

sorting genetic algorithm, namely NSGA-II [5]. The same objective functions are 

considered (minimizing the parasitic input RX resistance and maximizing the current high 

cut-off frequency fchi), the same set of constraints to be satisfied, the same set of parameters 

(and their respective variation range) to be handled, the same technology, etc, as in [3].  

The remainder of the paper is structured as follows. Section 2 briefly presents the multi-

objective optimization problem. Section 3 details the MODE technique. Section 4 deals 
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with current conveyors and gives the mathematical model of the constrained problem to be 

optimized. Comparison results between MODE and NSGA-II are reported in Section 5. 

Finally, Section 6 gives some concluding remarks. 

 

2. Multi-objective optimization problem formulation 

 

A multi-objective optimization problem (MOP) can be defined as a problem requiring 

the optimization of more than one objective function simultaneously. Optimal solution (or 

optimal decisions) of the problem need to be computed with respect to trade-offs between 

two or more conflicting objectives. The MOP can be formally defined as the problem of 

finding the decision vectors X(x1, x2, ... ,xn) in the decision space D, which satisfy the m 

inequality constraints and p equality constraints, and optimize the objective function vector 

F((f1(X), f2 (X),…, fk (X) )). In the following, the definition is given with respect to a 

minimization problem, and it can be used for a maximization problem as every 

maximization problem can be converted into minimization problem by multiplying it by (-

1), and vice-versa. MOP can be defined in the following format: 

 

( ) ( ) ( )1 2(X), (X), , (X) such that: 0 and 0k i lMinimize f f f g X h X≤ =…  (1) 

 

where k is the number of functions, i = 1, ..., m, l = 1, ..., p,  gi and hl represent the 

inequality and the equality  constraints respectively. 

As mentioned above, the objective functions may be in conflict. Thus, in contrast with a 

mono-objective optimization problem the goal of the multi-objective optimization 

algorithm is to provide a set of Pareto optimal solutions. A solution X of a problem is called 

Pareto optimal, if and only if there does not exist another solution Y such that f(Y) 

dominates f(X), i.e., no component of f(X) is smaller than the corresponding component of 

f(Y) and at least one component is greater [6].  

 

3. Overview of the Differential Evolution metaheuristic  

 

Differential Evolution (DE) is inspired by Genetic Algorithms (GA) and Evolutionary 

Strategies (ES) [7]. GA changes the structure of individuals using the mutation and 

crossover operators, while ES achieves self-adaptation by a geometric manipulation of 

individuals. This combination has been implemented through an operation, simple but 

powerful, of mutation vectors proposed in 1995 by K. Price and R. Storn [8]. DE is a direct 

parallel method that uses NP solutions: Xi,G, i = 1,. . . ,NP, where the index i denotes the i
th
 

solution of the population and G denotes the generation to which the population belongs. 

The standard DE uses three main operators (mutation, crossover and selection) for the 

movement of the agents as well as GA. Firstly, a vector Xi,G is randomly selected, which is 

the current vector of the agent i at generation G. Then, Xi,G moves according to the three 

following operations: 

a. Mutation: the mutation operation of DE applies the vector difference between the 

existing population members for determining both the degree and direction of 

perturbation applied to the individual subject of the mutation operation. The 

mutation process at each generation begins by randomly selecting three solutions 

{Xr1,G, Xr2,G, Xr3,G} in the population set of (say) NP elements. For each current 



Abbas El Dor  et al:  Multiobjective DE for the Optimal Design of Analog Circuits 

 614 

vector (target vector) Xi,G, a mutant vector (perturbed vector) Vi,G is generated 

based on the three chosen solutions, which will be calculated using the following 

equation: 
 

( )G r3,G r2,G r1,,  XXFXV Gi +×+=                                                    (2) 

where, i = 1 . . . NP,  r1, r2, r3 ∈ {1 . . . NP} are randomly selected integers such 

that r1 ≠ r2 ≠ r3 ≠ i and F is a real and constant factor ∈ [0, 1]. 

 

b. Crossover: the crossover operation is introduced to increase the diversity of the 

target vectors. Once the mutant vector Vi,G = (x1,i,G, . . . ,xn,i,G) is generated, it is 

subjected to crossover operation with target vector Xi,G = (x1,i,G, . . . ,xn,i,G), that 

finally generates the trial solution, Ui,G = (u1,i,G, . . . ,un,i,G), as follows:  

 





 =∀≤

=
otherwisex

jjjCrandifv
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where, j = 1,. . . ,n,  jj ∈ {1, . . . ,n} is a random parameter’s index, chosen once for 

each i. The crossover rate, Cr ∈ [0, 1], is set by the user. 

 

c. Selection: The population for the next generation is selected from the solution in 

current population (target vector Xi,G) and its corresponding trial solution (trial 

vector Ui,G). To determine which vector should become a member of generation 

G+1, the fitness function values of these two vectors are compared. Indeed, we 

keep the vector that has the smallest fitness function value, in the case of 

minimization, according to the following rule:  

 

( ) ( )



 ≤

=+
otherwiseX
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X
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,
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1,                                                (4) 

As a result, all the solutions of the next generation are as good as or better than their 

counterparts in the current generation. In DE, trial solution is not compared against all the 

solutions in the current generation, but only against one solution, its counterpart, in the 

current generation. 

DE algorithm is proposed by the authors for solving mono-objective optimization 

problems. While Multi-Objective Differential Evolution (MODE) is an extension of DE 

introduced to solve the multi-objective optimization problems. The role of MODE is to 

maintain the diversity of the population and to generate potential candidate solutions right 

from the beginning of the algorithm [9]. This algorithm uses Pareto-based ranking 

assignment and crowding distance metric [10]. In MODE the fitness of a solution is first 

calculated using Pareto-based ranking and then reduced with respect to the solutions 

crowding distance value. This fitness value is then used to select the best solutions for the 

next generation.  

The non-dominated sorting algorithm divides the R population, a parent population Pi of 

size NP and an offspring population Qi of size NP, into several fronts, denoted by F1, F2,…, 

Fj. The first front (F1) is formed by non- dominated solutions from R. Solutions in F1 are 

removed from R and the remaining solutions are employed to calculate the next set of non-

dominated solutions, denoted by F2. This process is repeated in order to find F3, and so on, 

until R is empty. The rank value of an individual is the index of the front it belongs to. 

The solutions from the fronts are copied to the next population Pi+1. As Pi and Qi have 

size NP, there are 2NP solutions which compete for NP slots in Pi+1. Solutions from fronts 
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Fj=1,…,n are copied to Pi+1 until there are more solutions in front Fn than slots in Pi+1. In 

this case, the individuals from Fn with the highest crowding distance values are copied to 

Pi+1 until Pi+1 is fulfilled. The crowding distance is useful to maintain the population 

diversity. It reflects the density of solutions around its neighborhood. This value is 

calculated from a perimeter defined by the nearest neighbors in each objective. Figure 1 

illustrates the non-dominated sorting algorithm and crowding distance mechanism 

implemented in MODE. 

 

 

Figure 1: Sorting by non-dominance and crowding distance used in MODE. 

MODE uses a tournament selection to choose individuals for reproduction. It randomly 

picks two individuals from Pi and chooses the best one, which has the lowest rank. If both 

solutions have the same rank, the solution with the longest crowding distance is preferred. 

 

Pseudo code and flowchart of MODE are given in Algorithm 1 and Figure 2. 

Algorithm 1: Pseudo code of MODE 

• Initialize the values of n, k, NP, Cr, F, max_fun (maximum number of function evaluations) 

and feval = 0 (number of function evaluations).  

• Input lower and upper bounds on decision variables [xmini, xmaxi], where, i = 1,. . . ,n.   

• Generate NP random solutions.  

• Generate NP opposite solutions.  

• Evaluate function values of 2NP solutions.  

• Select NP fittest solutions using non dominated and crowding distance and store them in 

current population pop_1. 

• While (feval < max_fun) // main loop 

{ 

   for (i: 0 → NP)  // iteration loop 

    { 

� Select randomly three distinct individuals Xr1, Xr2 and Xr3 and also different from 

target individual Xi.  

� Generate a perturbed individual Vi using mutation equation (eq. 2).  

� Generate a trial individual Ui using crossover between Vi and Xi by (eq. 3).  

� Evaluate function value at this Ui. 

  Evaluate_function(); feval++; 

� Nondomination checking of trial individual Ui with target individual Xi.  

  If (Ui dominates Xi) 

Replace Xi by Ui in current population pop_1. 

and add Xi to advanced population pop_2.  
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  Else  

 Add Ui to advanced population pop_2.  

        } // end of iteration loop. 

               Select NP fittest solutions using non dominated and crowding distance sorting and store 

them in pop_1.  

pop_1 = nondominated_crowd_sort (pop_1, pop_2).  

}// end main loop.  

 

               Figure 2: Flowchart of MODE. 

4. Second generation current conveyors 

 

It is well known that current mode circuits overcome most of the voltage mode circuit 

drawbacks [11, 12].  That’s why current mode circuits are receiving much more attention 

by the analog designers. Among the current mode circuits, current conveyors (CCs) are 

without a doubt the most famous ones [13, 14].  

This is due to the fact that CCs are versatile circuits that form a basic building block that 

can be used to design a large variety of circuits, such as active filters, simulated inductors, 

active oscillators, to name a few [1, 15]. In this paper we consider a translinear loop-based 

positive second generation CMOS current conveyor [16, 17].  Its schematic circuit is shown 
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in Figure 3. Where transistors M5, M6, M9 and M10 form the translinear loop. The rest of the 

transistors mainly form current mirrors, particularly transistors M8, M11-M13 that allow 

conveying the current from port X to port Z. I0 is the CC’s bias current. VDD and VSS are the 

voltage power supplies. 

 

Figure 3: A CMOS translinear loop-based positive second generation current conveyor 

Due to its inherent parasitic elements, the behaviour of the current conveyors can differ 

from its ideal one. It has been shown that among these elements the X-port input resistance 

(RX) is the most dominant one [16, 17]. Matrix equation (5) gives the relationships between 

the CC ports taking into account the effect of RX. 

 

(5) 

As aforementioned, for comparison reasons we deal with minimizing the parasitic input 

resistance (RX) and maximizing the current high cut-off frequency (fchi). Expression (6) 

gives the symbolic expression of RX. 

00 )1()(2)1()(2

1

IV
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KIV
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λλ +++

=
 

(6) 

where, λN, λP, KN and KP are technology parameters. I0 is the bias current and VDS is the 

drain to source voltage of the MOS transistor. Subscripts N and P refer to NMOS and 

PMOS transistors, respectively. W and L are width and channel lengths of the MOS 

transistor, respectively. 

Expression of fchi was obtained using CASCADES software [18]; it is not given due to 

its large number of terms.  

In addition to the constraints imposed by the technology, the circuit is subject to a set of 

intrinsic constraints that are due to the saturation working mode of the MOS transistors, 

mismatch, symmetry, etc. Main such constraints are given by (7)-(10).  



Abbas El Dor  et al:  Multiobjective DE for the Optimal Design of Analog Circuits 

 618 

P

P

N

N
L

W
K

L

W
K 








=







  (7) 

PPNN LWLW =  (8) 

P

P

N

N

TNDD

L

W
K

I

L

W
K

I
VV









>









−− 00

2

1
 

(9) 

N

N

P

P

TPDD

L

W
K

I

L

W
K

I
VV









>









−− 00

2

1  

(10) 

VT(N,P) is the threshold voltage of the (N, P) MOS transistor. 

 

 

5. Parameter settings and comparison results 
 

The parameter values for MODE used for this problem are fixed as follows: NP (the 

initial population size) is set to 100, the scaling factor  and the crossover probability Cr 

are taken as 0.5 and 0.3, respectively. Maximum number of function evaluations max_fun is 

set to 100000. The optimal values for the physical dimensions of MOS transistors (WN, LN, 

WP and LP for each NMOS and PMOS transistor) are obtained by minimizing RX and 

maximizing  fchi, with different values of I0 ∈{50; 100; 150; 200; 250; 300}µA. The 

simulations are performed using the technology CMOS AMS 0.35µm technology with a 

supply voltage of 2.5V.  

 

Table 1 presents the obtained results by applying MODE with different values of I0. In 

this table the given parameters’ values refer to the lower and higher edge of the Pareto front 

in each case, and the corresponding fitness value (functions’ values of fchi and RX) is also 

provided. Figure 4 shows the obtained non-dominated solutions for different bias current 

values I0. 

 

Besides, and for comparison reasons, NSGA-II [5] algorithm was applied to generate the 

Pareto front (RX, fchi) for the same values of I0. Table 2 presents the obtained results by 

applying NSGA-II with different values of I0. The number of non-dominated solutions in 

each Pareto front obtained by NSGA-II is smaller than the obtained number of MODE 

which signifies that the latter has better Pareto front.  Moreover, the solutions given by 

NSGA-II lie in a very small range compared to those given by MODE and this shows the 

better diversity of the latter. Figure 5 illustrates the case of I0=150µA. 
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Table 1: Optimal parameters values obtained by MODE 

  LN (µm) WN (µm) LP (µm) WP (µm) 
fchi 

(GHz) 
RX 

(ohm) 

Lower edge of the Pareto 

front 
0.57 19.69 0.35 29.93 0.771 545 

I0=50µA 
Higher edge of the Pareto 

front 
0.52 2.91 0.35 4.81 2.128 1391 

Lower edge of the Pareto 

front 
0.56 19.61 0.35 29.99 1.101 386 

I0=100µA 
Higher edge of the Pareto 

front 
0.52 5.81 0.35 9.59 2.132 696 

Lower edge of the Pareto 
front 

0.57 19.89 0.35 29.99 1.325 314 

I0=150µA 
Higher edge of the Pareto 

front 
0.52 8.71 0.35 14.39 2.131 464 

Lower edge of the Pareto 

front 
0.56 19.32 0.35 29.92 1.582 274 

I0=200µA 
Higher edge of the Pareto 

front 
0.52 11.62 0.35 19.19 2.131 348 

Lower edge of the Pareto 

front 
0.57 20.00 0.35 30.00 1.701 242 

I0=250µA 
Higher edge of the Pareto 

front 
0.52 14.52 0.35 23.98 2.131 278 

Lower edge of the Pareto 
front 

0.57 19.94 0.35 30.00 1.871 221 

I0=300µA 
Higher edge of the Pareto 

front 
0.52 18.02 0.35 29.81 2.093 228 

LN, WN, LP and WP refer to length and width of NMOS and PMOS transistors, respectively. 

 

Table 2: Optimal parameters values obtained by NSGA-II 

  LN (µm) WN (µm) LP (µm) WP (µm) 
fchi 

(GHz) 
RX 

(ohm) 

Lower edge of the Pareto 
front 

0.57 20.05 0.35 30.00 0.759 542 
I0=50µA 

Higher edge of the Pareto 

front 
0.52 2.90 0.35 4.80 2.131 1392 

Lower edge of the Pareto 

front 
0.58 20.08 0.35 30.00 1.072 383 

I0=100µA 
Higher edge of the Pareto 

front 
0.52 5.81 0.35 9.59 2.132 696 

Lower edge of the Pareto 

front 
0.57 20.08 0.35 30.00 1.313 313 

I0=150µA 
Higher edge of the Pareto 

front 
0.52 18.15 0.35 30.00 1.476 322 

Lower edge of the Pareto 

front 
0.57 20.07 0.35 30.00 1.516 217 

I0=200µA 
Higher edge of the Pareto 

front 
0.52 11.65 0.35 19.22 2.126 348 

Lower edge of the Pareto 

front 
0.58 20.08 0.35 30.00 1.694 242 

I0=250µA 
Higher edge of the Pareto 

front 
0.52 14.52 0.35 23.98 2.131 278 

Lower edge of the Pareto 

front 
0.58 20.08 0.35 30.00 1.855 221 

I0=300µA 
Higher edge of the Pareto 

front 
0.52 17.42 0.35 28.77 2.132 232 

LN, WN, LP and WP refer to length and width of NMOS and PMOS transistors, respectively. 
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Another advantage of MODE should be taken into consideration which is its significant 

low CPU consumption compared to NSGA-II. Indeed, different executions were carried on 

using MODE and NSGA-II for a series of bias currents to record their execution times. The 

results are presented in Table 2. One can notice that the execution time of MODE is very 

competitive compared to NSGA-II. 

 

Figure 4: Pareto fronts obtained for various values of the bias current I0 

Figure 5: Pareto front obtained by MODE and NSGA-II for I0=150µA 
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Table 2: Execution times of MODE and NSGA-II (in seconds) with different values of I0 

I0 50µA 100µA 150µA 200µA 250µA 300µA 

MODE 4.409 4.071 3.339 3.454 2.108 4.239 

NSGA-II 785.618 854.600 995.832 830.319 881.310 1039.486 

  

 

 

6. Conclusion 

In this paper, we have successfully applied the multi-objective differential evolution 

algorithm (MODE) to optimize the sizing of analog circuits, more precisely CMOS current 

conveyors (CCIIs). 

A bi-objective optimization problem was considered in order to minimize the X-port 

parasitic resistance RX while simultaneously maximizing the current high end cut-off 

frequency fchi. A series of simulation experiments were conducted for different bias current 

values, by applying MODE, using crowding distance metric, and were compared to NSGA-

II algorithm performances. The results show that MODE can produce a better diversity of 

solutions in Pareto fronts and offers a significant reduction of computing time, when 

compared to NSGA-II, which makes it very suitable to be implemented within a CAD 

algorithm.  
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