
*LERMA, Agdal Mohammed V University, Engineering Mohammadia School, Agdal, Rabat, Morocco (e-mail 
: hanaa.hachimi@insa-rouen.fr). 

**LERMA, Agdal Mohammed V University, Engineering Mohammadia School, Agdal, Rabat, Morocco(e-
mail : ellaia@emi.ac.ma) 

***LOFIMS- UMR 6138 CNRS, INSA - Rouen, Avenue de l’Université BP 8, Saint-Etienne du Rouvray, 
France (e-mail :abdelkhalak.elhami@insa-rouen.fr) 

Copyright © JASE 2013  on-line: jase.esrgroups.org 

 

J. Automation & Systems Engineering 7-3 (2013): 115-124 

Regular paper 

A new hybrid genetic algorithm with particle 
swarm optimization and normal boundary 

intersection method for generating the Pareto 
frontier 

 

H.HACHIMI*, R.ELLAIA**,A.ELHAMI*** 

 

 

Abstract: In this work we present the resolution of multiobjective optimization problems as a tool 
in engineering design. In the literature, the solutions of this problem are based on the Pareto 
frontier construction. Indeed; we propose a hybrid algorithm of genetic algorithm and particle 
swarm optimization using the normal boundary intersection method to solve some multiobjective 
optimization problems. Our contribution has two aims. First, we present the hybrid genetic 
algorithm and particle swarm optimization. Secondly, the new formulation of GA-PSO with 
normal boundary intersection method gives performance results using several experiments. 

Keywords: Include a list of Heuristic optimization, Genetic algorithms, Particle swarm 
optimization, normal boundary intersection method. 

1. INTRODUCTION 

Multiobjective optimization is rapidly becoming an invaluable tool in engineering design. 
A particular class of solutions to the multiobjective optimization problem is said to belong 
to the Pareto frontier. A Pareto solution, the set of which comprises the Pareto frontier, is 
optimal in the sense that any improvement in one design objective can only occur with the 
worsening of at least one other. Accordingly, the Pareto frontier plays an important role in 
engineering design it characterizes the tradeoffs between conflicting design objectives. On 
the one hand the desired goals in engineering design, management, and decision making in 
general, can be addressed as the resolution of an optimization problem. In general, the state 
problem is defined as a single objective function expressed as a mathematical function 
based on some criteria. In many cases, the principle objective is the optimization of a cost 
function which describes the project or design cost, since this variable should be the 
dominant decision term. However, not only the cost can be focused on the design, since a 
designer or decision maker needs to make tradeoffs between disparate and conflicting 
design objectives. At this point, the definition of a multiobjective optimization problem can 
be interesting, given that the field of multiobjective optimization defines the art and science 
of making such decisions. The multiobjective optimization techniques offer advantages 
when compared with single objective optimization techniques because they may produce a 
solution with different trade-offs among different individual objectives, so that the decision 
maker can select the best final solution. In other hand the metaheuristic optimization 
algorithms have become popular choice for solving complex and intricate problems which 
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are otherwise difficult to solve by traditional methods. So the hybridization of evolutionary 
algorithms with local search has been investigated in many studies. Such a hybrid is often 
referred to as a mimetic algorithm. In the case at hand, we will combine two global 
optimization algorithms, i.e., GA and PSO, as PSO and GA both work with an initial 
population of solutions and combining the searching abilities of both methods seems to be a 
reasonable approach. Originally, PSO functions according to knowledge of social 
interaction, and all individuals are taken into account in each generation. On the contrary, 
GA simulates evolution and some individuals are selected while some others are eliminated 
from generation to generation. Taking advantage of the compensatory property of GA and 
PSO, we propose a new algorithm that combines the evolutionary natures of the both. 

2. GENETIC ALGORITHMS (GA) 

The discovery of genetic algorithms (GA) was in the 1960s by Holland and further 
described by Goldberg [12]. GA is a randomized global search technique that solves 
problems by imitating processes observed from natural evolution. Based on the survival and 
reproduction of the fittest, GA continually makes the most of new and better solutions 
without any pre-assumptions, such as continuity and unimodality. GA has been successfully 
adopted in many complex optimization problems and shows its virtues over traditional 
optimization methods, especially when the system under study has multiple local optimum 
solutions. GA evolves a population of candidate solutions. Each solution is usually coded 
as a binary string called a chromosome. The fitness of each chromosome is then evaluated 
using a performance function after the chromosome has been decoded. Upon completion of 
the evaluation, a biased roulette wheel is used to randomly select pairs of better 
chromosomes to undergo such genetic operations as crossover and mutation that mimic 
nature [6]. The newly produced chromosomes turn out to be stronger than the weaker ones 
from the previous generation; they will replace these weaker chromosomes. This evolution 
process continues until the stopping criteria are reached. A real-coded GA uses a vector of 
floating-point numbers instead of 0 and 1 for implementing chromosome encoding. The 
crossover operator of a real-coded GA is constructed by borrowing the concept of linear 
combination of vectors from the area of convex set theory ([2], [3]). The random mutation 
operator proposed for real-coded GA operates on the gene by introducing into it a 
perturbation that is a random number in the range of 01 in the feature’s domain. With some 
modifications of the genetic operators, the real-coded GA has resulted in better 
performance than the binary coded GA for continuous problems. 

Simple generational Genetic Algorithm pseudo codes 

Algorithm of GA 

1-Choose the initial population of individuals. 
2-Evaluate the fitness of each individual in that population. 
3- Repeat on this generation until termination: (time limit, sufficient fitness achieved, 

etc.). 
a-Select the best-fit individuals for reproduction. 
b-Breed new individuals through crossover and mutation operations to give birth 

to offspring. 
c- Evaluate the individual fitness of new individuals. 
d- Replace least-fit population with new individuals. 

Fig.1: Steps of Genetic Algorithm. 
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The schema below summarizes the functioning of Genetic Algorithm 

 
Fig.2: Schema of Genetic Algorithm 

3. PARTICLE SWARM OPTIMIZATION WITH MODIFIED NEIGHBORHOOD 

Particle swarm optimization (PSO) is one of the latest evolutionary optimization 
techniques developed by Eberhart [1] and Kennedy. PSO concept is based on a metaphor of 
social interaction such as bird flocking and fish schooling. The particles, which are 
potential solutions in the PSO algorithm, fly around in the multidimensional search space 
and the positions of individual particles are adjusted according to its previous best position, 
and the neighborhood best or the global best. Since all particles in PSO are kept as 
members of the population throughout the course of the searching process, PSO is the only 
evolutionary algorithm that does not implement survival of the fittest. As simple and 
economic in concept and computational cost, PSO has been shown to successfully optimize 
a wide range of continuous optimization problems. 

Simple version of PSO’s algorithm with neighborhood: 

Algorithm of PSO: 

 
Fig.3: The basic steps of PSO with neighbourhood 
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4. HYBRID GENETIC ALGORITHM AND PARTICLE SWARM OPTIMIZATION 
(GA-PSO) 

In this part we will discuss the structure of our hybrid GA-PSO algorithm as shown in 
Figure 3 the algorithm is recovered in two phases (1 and 2) for generating the initial 
population by introducing the GA crossover operator When solving an N-dimensional 
problem, the hybrid approach takes N individuals that are randomly generated. These 
individuals may be regarded as chromosomes in the case of GA, or as particles in the case 
of PSO. The N individuals are sorted by fitness, and the top N individuals are fed into the 
real-coded GA to create N new individuals by crossover .The crossover operator of the real-
coded GA is implemented by borrowing the concept of linear combination of two vectors, 
which represent two individuals in our algorithm, with a 100 % crossover probability. The 
random mutation operator proposed for the real-coded GA is replaced by introducing by the 
PSO method. The procedure of adjusting the N particles in the PSO method involves 
selection of the global best particle, selection of the neighborhood best particles, and finally 
velocity updates. The global best particle of the population is determined according to the 
sorted fitness values. The neighbourhood best particles are selected by first evenly dividing 
the N particles into N neighbourhoods and designating the particle with the better fitness 
value in each neighborhood as the neighborhood best particle. 

4.1 Algorithm of PSO-GA 

 
Fig.4: Steps of hybrid GA and PSO Algorithm. 

4.2 BENCHMARK TEST FUNCTIONS 

The tabular below resume the results of our algorithm applied with benchmark function: 

– It is noticed that our algorithms hybrid gives of good results. 
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Fig.5: The results of a hybrid GA and PSO  
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5. NORMAL BOUNDARY INTERSECTIONS (NBI) 

This recent strategy can be considered as the state of the art regarding deterministic 
methods. NBI has a number of advantages over other existing methods, including an 
ensured even spread of points in the Pareto set. The normal boundary intersection method 
uses a geometrically intuitive parameterizations to produce an even spread of points on the 
Pareto surface, giving an accurate picture of the whole surface. Given any point generated 
by NBI, it is usually possible to find a set of weights such that this point minimizes a 
weighted sum of objectives, as described above. Similarly, it is usually possible to define a 
goal programming problem for which the NBI point is a solution. NBI can also handle 
problems where the Pareto surface is discontinuous or non-smooth, unlike homotopy 
techniques. Unfortunately, a point generated by NBI may not be a Pareto point if the 
boundary of the attained set in the objective space containing the Pareto points is 
nonconvex or ‘folded’ (which happens rarely in problems arising from actual applications). 
In this work, we propose the Normal Boundary Intersection (NBI) method, which has the 
advantage of producing an even spread of points on the Pareto front. NBI works by 
transforming the non-linear Multi-objective optimization problem into a set of nonlinear 
programming subproblem which is solved by means of a hybrid Nelder-Mead simplex 
search with integral representation formula. NBI requires the individual minimizers of the 
individual functions at the outset, which can also be viewed as a drawback. The 
formulation, however, must be interpreted as an alternative way. Instead of one objective 
function, we have objective functions which we want to reduce subject to the constraints. 
Since some of the objective functions may conflict with others, one has to find an 
appropriate compromise depending on priorities of the user. The ideal situation would be 
the existence of a vector x* with: 

(f1(x*),…., fl(x*)) = (f*1,……., f*` ) 

where each f*i ; i = 1……l, is the individual minimum value of the corresponding scalar 
problem 

 

 

for i = 1,…..,l `. But of course this is an ideal situation and normally the individual 
minimum f*i will be attained at different points. NBI essentially works by solving 
sequentially a set of single Non-Linear Programming (NLPs) problems (NBI subproblems), 
which are defined as: 

 
Φbe the lxl pay-off matrix in which ith column is F(x*i ) – f*, where f* is the vector 

containing the individual minima of objectives (i.e., the utopia point or shadow minimum) 

and x*i is the minimizer of objective fi (i.e., minimizers of problem . w is a vector of 

, and  is the quasi-normal direction which has weights such that 
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negative components, i.e. it points towards the origin. Φw defines a point on the so-called 

Convex Hull of Individual Minima (CHIM). Then the set of points in Rn that are convex 

combinations of f*i – f*, i.e,{wΦ}, is referred to as the CHIM. 

Now let us illustrate algebraically how any such boundary point can be found by solving 
an optimization problem. Given barycentric coordinates w, Φw represents a point 

in the CHIM. Let ^n denote the unit normal to the CHIM simplex pointing towards the 
origin, then Φw + t^n; t € R represents the set of points on the normal. The intersection 
between the normal to the CHIM from the point and the boundary of the objective space F 
closest to the origin is expected to be Pareto-optimal. This is done for various w, so that an 
equally distributed set of them produces an equally distributed set of non-dominated points, 
which is an useful feature for the decision-making process. If the Pareto set is convex and 
the individual minima of the objective are the global ones, the solution to this problem is 
Pareto optimal. The subproblem shall be referred as the NBI subproblem and written as 
NBIw, since w is the characterizing parameter of the subproblem. The solution of these 
subproblems will be referred to as NBI points. The idea is to solve NBIw for various w and 
find several points on the boundary of F, effectively constructing a pointwise 
approximation of the efficient frontier. 

As indicated earlier, all NBI points are not Pareto optimal points. In bio-objective 
problems, for every Pareto optimal point, there exists a corresponding NBI subproblem of 
which it is solution. 

5.1 THE PENALTY METHOD 

One common approach to deal with constrained optimization problems is to introduce a 
penalty term into the objective function to penalize constraint violations; The introduction 
of the penalty term enables us to transform a constrained optimization problem into an 
unconstrained one, such as the one given by equation: 

 
where r > 0 is a positive penalty parameter and p the penalty exponent. If p = 1 it can be 

proved that the penalty function is exact, i.e. for some sufficiently large value of r > 0 any 
global minimum is a global minimum. However, the exact penalty function is not 
differentiable at all points. For that reason the values p > 1, which guarantee 
differentiability, are also used. In this case the solutions under mild conditions converge to 
a global minimum when r →∞. If r is too small, an infeasible solution may not be penalized 
enough. If r is too large, a feasible solution is very likely to be found, but could be of very 
poor quality. A large r discourages the exploration of infeasible regions even in the early 
stages of evolution. This is particularly inefficient for problems where feasible regions in 
the whole search space are disjoint. In this case it is difficult to move from one feasible 
region to another unless they are very close to each other. Reasonable exploration of 
infeasible regions may act as bridges connecting two or more different feasible regions. The 
critical issue here is how much exploration of infeasible regions (i.e., how large r is) should 
be considered as reasonable. 
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6. A NUMERICAL EXAMPLES 

In this part of our work we present examples of mutliobjective optimization problem 
which are used the GA_PSO algorithm and NBI method to solve the problem. 

Example 1 : 

Below we have a small biobjective problem (3): 

 
 

The Pareto points thus obtained are tabulated below and plotted in fig.6 

 
Fig.6 :Pareto optimal vectors in the objective space using GA-PSO-NBI. 

Example 2: 

To evaluate the performance of the GA-PSO-NBI approach for solving multiobjective 
optimization problems, a problem that addresses the aspect benchmark multimodal 
functions objective and the notion of Pareto optimal local is proposed. This problem was 
chosen to estimate the ability of our approach GA-PSO-NBI to escape the possible 
convergence to a local optimal Pareto frontier. 

Below we have a small biobjective problem (4): 
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The Pareto points thus obtained are tabulated below and plotted in fig.7 

 
Fig.7: Pareto optimal vectors in the objective space using GA-PSO-NBI. 

For the both examples we remark that our approach gives us a good Pareto frontier so the 
figures explain that the technical method GA_PSO_NBI is powerful and robust. 

 

7. CONCLUSIONS AND FUTURE WORK 

In this paper, a powerful and robust algorithm which is based on hybridation of Genetic 
algorithm with Particle swarm optimization PSO, first is proposed to find global minimum 
and also to obtains the Pareto frontier. GA-PSO integrates the concept of evolving 
individuals originally modeled by GA with the concept of self-improvement of PSO, where 
individuals enhance themselves based on social interactions and their private cognition. 
Thus GA-PSO synthesizes the merits of both GA and PSO, and it is a simple and yet 
effective model to handle different kinds of continuous optimization problems. 
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